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Resum
L’actual paradigma de gestio´ del tra`nsit aeri esta` sofrint un canvi profund cap a un escenari
on els predictors de trajecto´ries juguen un paper fonamental. Aquests depenen dels mo-
dels de rendiment desls avions (Aircraft Performance Models, APM), models matema`tics
de les caracterı´stiques de les aeronaus relacionades amb les seves performances. L’este`s
u´s de procediments d’enlairament no convencionals, com el me`tode de thrust flexible, ha
imposat la necessitat de modelar-los per a mantenir la fidelitat en les prediccions de tra-
jecto`ries d’enlairament.
Aquest projecte, realitzat amb Boeing Research & Technology Europe (BR&TE) i sota
sol·licitud d’EUROCONTROL, sorgeix en resposta a l’actual manca en el mercat d’APM
d’una metodologia validada per a modelar operacions d’enlairament amb thrust reduı¨t.
L’objectiu e´s proposar un model complet i validat per a calcular thrust reduı¨t utilitzant Tem-
peratura Assumida (Assumed Temperature, AT). La metodologia proposada es composa
d’un model d’AT i un model de thrust adequ¨adament validats per a fer ca`lculs de thrust
flexible.
Per a assolir aquest objectiu, una nova especificacio´ del model d’AT que esta` e´ssent
desenvolupat per BR&TE s’ha implementat a partir d’una se`rie de millores proposades
per EUROCONTROL. Per a determinar un model de thrust va`lid per a ca`lculs de thrust
flexible, els APMs d’EUROCONTROL Base of Aircraft Data (BADA) i Aircraft Noise Perfor-
mance (ANP) han estat validats. Aquestes validacions s’han dut a terme utilitzant diferents
software oficials de performance de Boeing: Standard Take-off Analysis Software (STAS)
i Boeing Climbout Program (BCOP).
Com a resultat de l’estudi s’han produı¨t polinomis de diferents ordres que modelen l’AT en
funcio´ de les condicions d’enlairament. A me´s, s’ha conclo`s que ANP conte´ un model de
thrust va`lid per a fer ca`lculs de thrust flexible, mentre que la versio´ actual de BADA no e´s
va`lida per a calcular thrust en la fase d’enlairament.
Una primera aplicacio´ d’aquest me`tode s’ha posat en pra`ctica mitjanant el desenvolupa-
ment d’un prorotip de predictor de trajecto`ries d’enlairament que implementa el me`tode de
thrust flexible. Aquest prototip te´ l’objectiu d’e´sser integrat a la infraestructura de ca`lcul de
trajecto`ries de Boeing com a mo`dul d’enlairament i aterratge i sera` millorat, validat amb
software de performance de Boeing i integrat com a treball futur.
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Overview
The Air Traffic Management (ATM) paradigm is shifting towards a scenario where Tra-
jectory Predictors (TP) play a key role. They rely on Aircraft Performance Models
(APM), mathematical models of the performance related characteristics of aircraft. The
widespread use of non-coventional take-off procedures, such as the flexible thrust method,
has arose the necessity of modelling them to keep fidelity in take-off trajectory predictions.
This project, carried out with Boeing Research & Technology Europe (BR&TE) and upon
request of EUROCONROL, arises in response to the current lack in the APM market of a
validated methodology to model reduced thrust operations. Its goal is to propose a com-
plete and validated model to compute reduced thrust using Assumed Temperature (AT).
The proposed methodology is composed by a model of AT and a thrust model properly
validated for flexible thrust computations.
To accomplish this goal, a new specification of the AT model that is being developed by
BR&TE has been implemented, based upon a set of improvements suggested by EU-
ROCONTROL. In order to determine a valid thrust model for flexible thrust computations,
EUROCONTROL’S Base of Aricraft Data (BADA) and Aircraft Noise Performance (ANP)
APMs have been validated. These validations have been carried out with different official
Boeing’s performance software: the Standard Take-off Analysis Software (STAS) and the
Boeing Climbout Program (BCOP).
As a result of the study different order polynomials that model the AT as a function of
the take-off conditions have been produced. In addition, it has been concluded that ANP
contains a valid thrust model for flexible thrust calculations, whereas the current version of
BADA is not valid to compute thrust during the take-off phase.
A first application of this method has been put into effect by developing a prototype of a
Take-off Trajectory Predictor (TTP) that implements the flexible thrust model. This proto-
type is intended to be integrated in Boeing’s trajectory computation infrastructure in the
future as a take-off and landing module and needs to be improved, validated with Boeing’s
performance software and integrated as future work.
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TTP Take-off Trajectory Predictor
LIST OF SYMBOLS
a Speed of sound [m/s]
CD Drag coefficient [-]
CL,GR Lift coefficient in ground roll [-]
CL,Max Maximum lift coefficient [-]
CL Lift coefficient [-]
D Drag force [D]
δ Pressure ratio [-]
δHL High lift devices position [-]
δLG Landing gear position [-]
∆TISA ISA temperature deviation [◦C] or [K]
F Rolling friction force [N]
γ Flight path angle [deg] or [rad]
HACC Acceleration height [ft]
Hp Geopotential pressure altitude [ft]
Hpmax Maximum pressure altitude [ft]
L Lift force [N]
LGR Lift in ground roll [N]
M Mach [-]
m Mass [kg]
m0 Initial mass [kg]
MMax Maximum Mach [-]
mre f Reference mass [kg]
µF Rolling friction coefficient [-]
p Air pressure [Pa]
ρ Air density [kg/m3]
ROC Rate of climb [m/s]
s Longitudinal distance from threshold [m]
S Wing surface [m/s2]
T Temperature [◦C]
TKink Kink temperature [◦C] or [K]
TT Total temperature [◦C]
Th Thrust force [N]
Th/δ Corrected thrust force [N]
θ Temperature ratio [-]
θT Total temperature ratio [-]
VCAS,Max Maximum calibrated airspeed [kt]
VCAS Calibrated Airspeed [kt]
VGS Ground Speed [kt]
VS Stall speed [kt]
VTAS True Airspeed [kt]
W Weight force [N]
W0 Initial weight force [N]
w Headwind speed [kt]
v

INTRODUCTION
Trajectory prediction is the cornerstone of the fast evolution of Air Traffic Management
(ATM) system towards a new paradigm based on the use of Decision Support Tools (DTS)
to assist air traffic controllers. This new concept is a key enabler of Trajectory Based
Operations (TBO), which permit airspace users to collaborate with ATM services providers
to execute their operations.
Trajectory prediction is defined as the process to estimate the future trajectory of an aircraft
through calculation using mathematical models of the different implied components such
as aircraft, meteorology or dynamic systems. A Trajectory Predictor (TP) is a tool that
implements this functionality, and usually acts as a client providing support for a higher
level user in the ATM system [1]. TPs have a wide range of applications. A trajectory
predicted by a Flight Data Processing System (FDPS) can be used for medium to long
term conflict detection, whereas an Arrival Manager (AMAN) predicts trajectories to advice
on an arrival sequence [2].
The quality of trajectory predictions is closely tied to the mathematical models that provide
information about aircraft performance, the so-called Aircraft Performance Models (APM).
A relevant example is the EUROCONTROL’s Base of Aircraft Data (BADA), which has
become a facto standard for ATM trajectory prediction and simulation. EUROCONTROL
is also responsible of the development and maintenance of the International Aircraft Noise
Performance (ANP) Database, an APM intended for trajectory prediction in environmental
and noise assessments.
Boeing Research & Technology Europe (BR&TE) is an active actor in trajectory prediction
and performance modelling research. It collaborates with EUROCONTROL on improving
the aircraft performance and trajectory modelling capabilities of IMPACT. This toolset ap-
plies trajectory prediction to the assessment of the environmental impact of the ATM op-
erational improvements proposed by the Single European Sky ATM Research (SESAR)
programme [3].
Environmental assessments are most commonly carried out in terminal areas, which im-
plies modelling take-off trajectories. Current APMs provide accurate models for conven-
tional take-off operations. However, in nowadays real operations airlines usually do not
follow the conventional procedures. Instead, they opt for applying non-conventional me-
thodologies such as flexible thrust. This method allows to perform a take-off with a thrust
level lower than the conventional value.
The thrust provided by an aircraft’s engine has a safety limit as a function of temperature to
protect it from excessive deterioration or damage. The flexible thrust method relies on this
limit to reduce the engine thrust at take-off by introducing in the Flight Management System
(FMS) a false temperature that is higher than the actual one. This temperature is called
Assumed Temperature (AT). This method brings significant savings in maintenance cost
for the airline. In order to keep a good degree of fidelity in take-off trajectory predictions,
modelling flexible thrust operations has become a necessity.
Currently no APM available in the market provides a validated thrust model that can be
used to compute flexible thrust. This project arises in response to this necessity, and
aims to develop a validated methodology to provide accurate thrust estimations using the
flexible thrust method in TPs for ATM applications. The project has been carried out as an
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internship in BR&TE and upon request of EUROCONTROL.
The proposed methodology consists of the combination of an AT model than provides the
maximum AT that can be used under certain take-off conditions and a thrust model that
can provide accurate thrust estimations using this AT.
BR&TE has developed a prototype model for the AT [4]. In this project a new version of the
model specification has been implemented and validated according to a set of improve-
ments proposed by EUROCONTROL. This study has been supported by the Standard
Take-off Analysis Software (STAS), Boeing’s official performance tool for take-off calcula-
tions.
To obtain a valid thrust model for flexible thrust computations, EUROCONTROL’s ANP and
BADA 4.2 thrust modules have been subject to a validation using the Boeing Climbout
Program (BCOP), the official Boeing’s climbout performance tool. BADA 4.2 is an experi-
mental version of BADA that is under development by BR&TE.
As a final part of the project, a prototype of a take-off trajectory predictor that implements
the flexible thrust model has been developed. This prototype is intended to be integrated
in the Boeing’s trajectory prediction infrastructure as a take-off and landing module.
This document is organized as follows:
In Chapter 1 a theoretical background on the key concepts of the project is provided:
reduced thrust methods, take-off operations and trajectory predictors.
In Chapter 2 the development of the new version of the AT model is described and
the results are presented.
In Chapter 3 the validation of the ANP and BADA 4.2 thrust models is discussed,
the results are presented and conclusions are extracted.
In Chapter 4 the design of a basic prototype for a take-off trajectory predictor imple-
menting the flexible thrust model is described.
CHAPTER 1. BACKGROUND
1.1. Reduced thrust operations
The main goal of an aircraft operator is to maximize economic benefit, and in most of
cases this means minimizing the operational costs. In 2009, the proportion of engine
maintenance to direct maintenance cost was 43% for the 40 MCTF (Maintenance Cost
Task Force) participating airlines [5]. As engine Maintenance Material Cost (MMC) is a
significant part of the total maintenance expenses, using methods to optimize the aircraft
engine’s life usage has become a common practice for today’s airlines. Reduced thrust
operations are amongst the most widespread solutions.
1.1.1. Benefits of using reduced take-off thrust
One of the most critical parameters affecting the operational life of a turbofan engine and its
parts is its Turbine Metal Temperature (TMT). According to [6], an engine’s hot section life
usage increases exponentially with TMT. The engine’s Exhaust Gas Temperature (EGT) is
also a critical factor affecting the health of an engine. It is the temperature measured at
the engine exhaust. The higher it is, the more wear and deterioration the engine suffers
[7]. EGT directly depends on the thrust produced by the power plant.
As a consequence of these effects, it has been observed that a reduction in EGT can result
in significant savings in MMC. According to the example exposed in [6], a 7% decrease in
EGT can lead to an MMC reduction of about 25%, whereas decreasing EGT an 18% can
result in MMC savings up to 40% [6].
It has been also observed that engine’s Shop Maintenance Cost (SMC) significantly de-
creases with lower take-off thrust. This effect is depicted in Figure 1.1. Engine manufactu-
rers can provide specific data on reliability and cost savings related to using lower take-off
thrust.
Figure 1.1: SMC for maximum and reduced thrust. Source: [6]
These observations evidence that keeping engine’s thrust as low as possible for as long
as possible is crucial when it comes to minimize engine maintenance costs.
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1.1.2. Reduced thrust operations
The required thrust for take-off depends on several factors such as runway length, Take-
Off Weight (TOW), headwind, runway elevation or Outside Air Temperature (OAT). Under
certain conditions, it is usual that the full thrust provided by the power plant is higher than
the strictly required for a safe take-off [4]. In such cases, it is possible to take-off with
a thrust level lower than the maximum in order to significantly optimize the engine’s life
usage and reduce engine maintenance costs. Operations where take-off thrust is set to a
lower value than the full-rated one are called reduced thrust operations.
Reduced thrust operations are very common nowadays. The take-off thrust level can be
reduced by means of different methods: thrust derate and assumed temperature, which
are discussed in Section 1.1.3.
1.1.3. Thrust ratings
A thrust rating is defined as the maximum certified thrust that an engine can provide under
certain conditions. It is provided by the engine’s manufacturer. Its objective is to protect
the engine from damage and excessive deterioration. It is the result of taking into account
several limiting factors that determine the engine’s operational envelope:
• Combustion inlet pressure (CIP)
• Turbine inlet temperature (TIT)
• Fan rotation speed (RPM)
The dependency of these limitations with the OAT is plotted in Figure 1.2.
Figure 1.2: Thrust design limiting factors. Source: [6]
Note that the maximum CIP, TIT and RPM are not to scale with the thrust axis. The
combination of these factors results in a maximum pressure-limited thrust and a maximum
temperature-limited thrust (green and orange dot lines in Figure 1.2 respectively). In the
temperature-limited area, the amount of fuel being injected into the combustion chamber
must be reduced to control the turbine entry temperature [8]. The thrust rating provided
by the manufacturer is intended to fulfill both pressure and temperature limitations, while
providing a safety margin. The resulting rating is the maximum allowable thrust depending
on the OAT. A typical thrust rating is represented in Figure 1.3.
The pressure-limited zone is called flat-rated zone, whereas the temperature-limited one
is named temp-rated zone. The maximum thrust is constant with the OAT in the flat-rated
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zone and decreases with OAT in the temp-rated one. The temperature at which the flat-
rated and the temp-rated zones cross is called kink point or Tkink.
Figure 1.3: Typical thrust rating. Source: [6]
The full-rated or Maximum Take-Off / Go-Around Thrust (TOGA or MTKF) is the maximum
thrust rating level programmed for an engine. Its usage is limited up to 5 minutes (10
minutes in case of engine-out take-off). In addition to MTKF, the manufacturer may provide
other thrust ratings. The most common are:
• Maximum Continuous Thrust (MCT)
• Maximum Climb Thrust (MCL)
• Maximum Cruise Thrust (MCRZ)
Thrust ratings can be used to reduce the thrust level in reduced thrust operations. Below
the two main reduced thrust methods are described:
Thrust derate Reduced take-off thrust is set by selecting in the Flight Management Sys-
tem (FMS) a predefined thrust derate. A derate is an approved take-off thrust rating
that is lowered with respect to the full-rated take-off thrust. It is predefined by the
engine’s manufacturer. A typical case of thrust derate is depicted in Figure 1.4(a).
Assumed Temperature Thrust is reduced by manually introducing in the FMS a false
temperature that is higher than the actual OAT. This temperature is called Assumed
Temperature (AT). When AT is higher than TKink, the thrust is limited by the temp-
rated zone and therefore the maximum thrust available is lower than the correspond-
ing to the actual OAT. This method is also called flexible thrust or flex-thrust. A typical
case of flex-thrust is depicted in Figure 1.4(b).
The main goal of this project is to obtain a methodology to compute flexible thrust in tra-
jectory predictors for Air Traffic Management (ATM) applications. For this reason, the flex-
thrust method will be discussed in detail in Section 1.1.4..
1.1.4. The assumed temperature method
During the dispatch process, a TOW analysis is performed in order to determine the Maxi-
mum allowable Take-Off Weight (MTOW) for the given conditions: runway length, elevation
and contamination, wind speed, OAT, obstacles, etc.
For a clearer method description, it is possible to accept the hypothesis that the effect of
obstacles, tires and brake energy on the MTOW is much smaller than the effect of climb
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(a) Derate thrust case (b) Flex-thrust case
Figure 1.4: Typical cases of reduced thrust methods. Source: [6]
requirements, field length and airframe structural limitations [9] [A1] (all the assumptions
mentioned in this document are listed in Appendix A). Figure 1.5 shows the MTOW limiting
factors as a function of OAT. It can be observed that at high OAT the MTOW is more
restrictive.
Figure 1.5: MTOW as a function of OAT. Source: [9]
When the actual TOW is lower than the MTOW, the thrust produced by the power plant
at MTKF is higher than the thrust required for take-off. From Figure 1.5 it is possible to
determine a temperature higher than OAT for which the MTOW is reduced, but still higher
than the TOW. This OAT is the so-called AT. If the AT is above the kink point, then a reduced
thrust can be obtained by setting it on the FMS.
The process of finding the optimal assumed temperature consists on determining the OAT
at which MTOW is closest to the actual TOW, but never lower. This process is more clearly
depicted in Figure 1.6.
Some limitations affect the definition of AT. First, it must be higher than the actual OAT.
Otherwise no thrust reduction is obtained. In addition, AT has a minimum ATmin and a
maximum value ATmax defined as follows:
• Minimum AT: ATmin = TKink. Otherwise, the AT would be in the flat-rated zone and
no thrust reduction would be obtained.
• Maximum AT: ATmax is the AT with an associated thrust reduction of 25% of the
full-rated thrust1.
1This limit is imposed by the Full Authority Digital Engine Control (FADEC) systems standards. The
forthcoming FADEC standards are planning to extend this limit down to 40% [10].
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Figure 1.6: Assumed temperature determination process. Source: [6]
The optimal AT is the one at which the associated thrust is the minimum possible, whereas
MTOW is kept equal or higher than the actual TOW. What is the same, the optimal AT is the
Maximum Assumed Temperature (MAT) possible for a given TOW and external conditions.
The maximum benefits of using the assumed temperature method are obtained when MAT
is used. In practice, the MAT is computed with take-off performance tables provided by the
aircraft manufacturer such as in the example shown in Figure 1.7.
Figure 1.7: Manufacturer take-off performances table. Source: [6]
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These tables give the MTOW as well as the take-off speeds2 (V1, VR, V2) for a given
set of conditions: runway length, airport elevation, flaps configuration, wind and OAT. By
knowing the actual TOW and OAT, the reverse process can be followed to find the MAT, as
exemplified in Figure 1.8.
In this example, TOW is 70000 kg and OAT is 30◦C. For this temperature, MTOW is 78500
kg, which is higher than the TOW. Following the red arrow in Figure 1.8 it can be observed
that for an OAT of 44◦C the MTOW is very close to the actual TOW but still higher. This
means that for the prescribed conditions, a safe take-off would still be possible if the OAT
was 44◦C. In this case, the MAT is 44◦C.
Figure 1.8: MAT determination process. Source: [6]
1.2. Take-off operations
Reduced thrust is applied during take-off operations. Implementing these methods is of
high interest for airliners, mainly due to the savings in maintenance costs they bring, as
discussed before. However, using reduced thrust has an impact on the take-off trajectory,
as it is performed at a lower thrust than in a conventional operation. In order to study the
flexible thrust methods, their effect on the take-off capabilities of the aircraft need to be
considered, and therefore giving a definition of take-off operations is required.
2The take-off speeds given in these tables are those which result in a balanced field length. Further
information about take-off speeds and balanced field length will be provided later in Section 1.2..
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Since the impact of reduced thrust is effective until the engine setting is changed to a
conventional rating, in the scope of this project the take-off operation is considered to
cover two subphases: the take-off and the initial climb.
Commonly the take-off operation is defined as the flight phase encompassed from the
application of take-off power, through rotation and to an altitude of 35 feet above runway
elevation or until gear-up selection, whichever comes first [11]. For convenience, in this
project this subphase will be referred to as initial take-off. According to [11], the initial climb
is defined as the operation between the end of the initial take-off and the first prescribed
power reduction, or until reaching 1000 ft above runway elevation. The vertical trajectory
followed by the aircraft during the initial climb will be referred to as the take-off path.
1.2.1. Initial take-off
Take-off is one of the most complex operations from the dispatching point of view. As such,
it contains many parameters that can be chosen by the airline to fit its interests. However,
in the scope of this project only the key information about initial take-off will be discussed.
Very detailed information about take-off operations can be found in [12].
The initial take-off can be divided in three subphases. The ground roll is defined as the
path followed from brake release until the point at which the lift generated by the aircraft is
enough to overcome weight and lift-off occurs. The second phase, referred to as transition
phase, is a small curved and accelerated trajectory between lift-off and steady climb. The
final phase is the steady climb, where the aircraft follows a straight and accelerated climb.
1.2.1.1. Take-off speeds
Take-off speeds are a set of normalized speeds that are defined in a take-off operation.
The main goal of their definition is to ensure a safe take-off considering the possibility
of engine failure. A brief definition of the most relevant ones is given below. For further
information about other take-off speeds refer to [12].
• Stall speed Vs: Is defined as minimum speed at which the lift force produced by
the aircraft is enough to compensate for its weight. Vs depends on the aircraft’s
aerodynamic configuration.
• Rotation speed VR: Is defined as the speed where the elevator can provide suffi-
cient force to lift the nose gear. At this speed, the aircraft rotates around its main
landing gear to increase its angle of attack.
• Lift-off speed VLOF : Is defined as the speed where the lift force is enough to over-
come the aircraft’s weight. At this speed, the lift-off is produced and the airborne
phase starts.
• Decision speed V1: It is the speed above which the take-off shall continue even if
an engine fails or another problem occurs, such as a blown tire [13]. If such problems
occur below V1, the take-off can be aborted.
• Safety take-off speed V2: Is defined as the minimum speed that must be reached
at 35 ft above the runway threshold. This speed is set considering the case of engine
failure, where thrust is reduced. Therefore, in a nominal operation with All Engines
Operative (AEO), the speed at 35ft is V2 + ∆V2.
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1.2.1.2. Take-off distances
The scope of this project does not cover the cases of engine failure. Therefore the take-off
distances are only defined for the case of take-off with AEO. Three main distances need
to be considered:
• Take-off distance (TOD): Is the 115% of the distance covered from brake release
until reaching 35 ft above the runway [14].
• Take-off run (TOR): Is the 115% of the horizontal distance covered from brake
release to the equidistant point between the point where VLOF is attained and the
point where 35 ft above runway are reached [12].
• Accelerate-stop distance (ASD): Is the distance required by the aircraft to brake
until stop in case of an engine failure noticed by the pilot at V1.
It is said that a take-off takes place in balanced field length conditions where the take-off
speeds are chosen so that the TOD equals the ASD.
1.2.2. Take-off path
The aircraft manufacturer is in charge of determining the take-off in a continuous way, using
the data registered in the take-off tests with One Engine Out (OEO), or either divide it in a
series of segments. The common practice is to divide it in segments, being the number of
them up to the manufacturer [12].
Although some manufacturers may choose another classification, there are some ac-
cepted common practices to define the take-off path. The definition of the segments given
in this project is based upon the definitions given in [15, 12, 17, 20, 21], and the B737-800
Flight Crew Operations Manual (FCOM) [22] provided by Boeing Research & Technology
Europe (BR&TE).
The take-off path has been defined by using five transversal threads that determine the
law followed by five parameters: thrust rating, landing gear position, flaps position, speed
law and elevation law. All the speeds that define the take-off path are given in Calibrated
Air Speed (CAS). The path has been divided into five segments. A schema of the take-off
path is shown in Figure 1.9 and the evolution of the five threads is described in Table 1.1.
Take-off: Climb to 35 ft and acceleration to V2+∆V2.
First segment: Constant CAS climb at V2+∆V2 until landing gear retraction.
Second segment: Constant CAS climb at V2+∆V2 to acceleration height (HACC).
Third segment: Constant altitude acceleration to VFS and clean configuration.
Final segment: Final accelerated climb at Maximum Climb Thrust (MCL) to 1500 ft.
Table 1.1: Generic take-off path definition in five threads
Take-off First segment Second segment Third segment
Thrust rating MTKF MTKF MTKF MTKF
Landing gear Down Retracting Up Up
Flaps Take-off Take-off Take-off Changing to clean
VCAS Accelerate to V2+∆V2 Constant V2+∆V2 Constant V2+∆V2 Accelerate to VFS
Elevation Climb to 35 ft Constant CAS climb Constant CAS climb Constant Hacc
End condition 1 VCAS = V2+∆V2 Landing gear up Elevation = Hacc VCAS = VFS
End condition 2 Elevation = 35 ft - - Clean configuration
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Figure 1.9: Generic take-off path definition
1.3. Trajectory prediction in ATM
Trajectory prediction is a concept that has appeared in response to a change of paradigm
in Air Traffic Management (ATM) from today’s mainly tactical concept to Trajectory Based
Operations (TBO). This shift will enable airspace users to plan and execute their operations
in collaboration with the ATM service providers by means of 4D trajectories.
The implementation of TBO will introduce a need of human actors in the ATM system to be
supported by advanced Decision Support Tools (DST). These DST will rely on trajectory
prediction, the process that estimates a future trajectory of an aircraft through computation.
This functionality is implemented by Trajectory Predictors (TP) [1].
1.3.1. Mathematical approaches
TPs can implement different mathematical models that enable the computation of trajecto-
ries. In general, there are four different mathematical approaches to (conventional aircraft)
trajectory prediction. Ranked in order of fidelity these approaches are [2]:
• Six degrees of freedom approach (kinetic): All degrees of freedom of the air-
craft are considered and integrated along: three translations and three rotations. In
general, a rigid-body model is assumed [2].
• Point mass approach (kinetic): Aircraft’s mass is consolidated to a point mass
and only three translations are considered. All the forces are assumed to be applied
directly on the aircraft’s centre of gravity and hence the resulting net moment is null.
Such models usually assume that the pilot controls the motion of the aircraft and
ensures overall stability [A2] [23].
• Energy state approach (kinetic): Equates the rate of work done by forces acting
on the aircraft to the rate of change in total energy [24].
• Macroscopic approach (kinematic): The aircraft’s motion is not derived from the
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forces and moments acting on it, but from macroscopic relations which might not
necessarily have a physical meaning. Trajectory predictors within ATM systems that
employ this approach often provide airspeed and climb/descent rate in static tables
as a function of altitude [25].
1.3.2. Aircraft performance models
One of the core modules of TPs is the Aircraft Performances Model (APM). The purpose
of such model is to provide means to compute aircraft performance related characteristics.
The current APMs for ATM purposes available in the market, such as EUROCONTROL’s
Base of Aircraft Data (BADA) or Aircraft Noise and Performance (ANP) Database, imple-
ment thrust models that allow the estimation of the net thrust produced by the engines
under given conditions.
However, any ANP in the market nowadays implements a validated methodology to com-
pute reduced thrust for take-off operations. This project responds to the need of cur-
rent TPs for ATM applications for a validated methodology to compute trajectories of non-
conventional operations such as take-off with flexible thrust.
This methodology requires the obtention of two validated models. In first place, a model
that allows the computation of the AT that will be used under certain take-off conditions. In
second place, a validated thrust model that gives realistic computations of reduced thrust
using an AT. The combination of such models conforms a complete methodology that can
be integrated in a Take-off Trajectory Predictor (TTP), hence enabling the prediction of
trajectories for non-conventional take-off operations.
Three-degrees-of-freedom point mass models are the most commonly used in TPs for
ATM applications. The implementation of the flexible thrust model developed in this project
is oriented to be used in such TPs. The TTP prototype that will be proposed at the end of
the project uses this kinetic approach.
CHAPTER 2. MAXIMUM ASSUMED
TEMPERATURE MODEL
The MAT is defined as the AT whose associated MTOW is as close as possible to the TOW.
It is, by extension, the one that permits a safe take-off with the minimum thrust possible.
As the motivation to use reduced thrust procedures is to optimize the take-off run available
using the minimum thrust possible, it is reasonable to assume that in normal conditions a
take-off with flexible thrust is always performed using the MAT [A3].
The goal of this work package is to obtain a methodology to approximate the MAT that
can be set for a given set of take-off conditions: flaps setting, wind, TOW, altitude and
OAT1. As a result, the combination of a polynomial formula that provides the MAT with an
adequate thrust model (whose obtention is discussed in Chapter 2) conforms a complete
flexible thrust model that can be applied for specific take-off conditions [4].
A prototype of a MAT model specification has been provided by BR&TE. Although it can
already give MAT predictions, it has been requested by EUROCONTROL to apply some
improvements to its model specification in order to enhance its accuracy. In this Chapter
the implementation of the improved specification is explained, as well as the process fo-
llowed to validate the new model, find its validity ranges and evaluate the improvements in
accuracy. All these processes have been implemented in a piece of software.
Specific MAT polynomials have been identified for three Boeing aircraft models for different
possible forms of such polynomials. The accuracy of each option has been assessed using
data obtained with Boeing’s official take-off performances software. The most accurate
polynomials for each aircraft, as well as their accuracy metrics and validity ranges have
been extracted as an output of the study.
2.1. Description of the current MAT model
In this Section the specification of the current version of the MAT model is described. Part
of the information presented has been extracted from BR&TE’s reports [4] and [9].
2.1.1. Dependencies of the MAT model
The take-off requirements basically consider the capability of the aircraft to avoid ground-
based obstacles by achieving a minimum certified rate of climb in case of engine failure.
These limitations define the maximum thrust reduction that can be applied so that a safe
take-off can be performed. This means that there are some factors that affect the take-off
conditions and determine the MAT that can be used in a given situation. These factors and
their influence on the MAT are described below:
Flap setting The high lift devices have an effect on the aircraft lift, and therefore on the
1The influence of the runway slope in this study has been neglected, although the methodology is generic
and could be extended to use the runway slope.
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aerodynamic drag. When increasing flaps angle, the lift is incremented, leading to
a reduction of the stalling speed and the required take-off speed. However, this
operation also increases drag. This drag increase needs to be compensated with
a higher thrust, limiting the allowable thrust reduction obtainable with the assumed
temperature method. Flap deployment also reduces the TOD.
Take-off weight The higher the TOW, the higher the lift required to overcome the aircraft
weight. A higher speed is also necessary for take-off, requiring longer TOD in order
to reach the expected speed. Very high TOW reduces the applicability of the AT
method.
Airport elevation Air density is determined by the atmospheric pressure, temperature
and humidity at the considered elevation. It is known that thrust is reduced when
low air density exists [12] [19]. In aerodromes with higher elevation, the atmospheric
pressure and air density are low causing a reduction in the engine capability of
producing thrust. Hence the applicability of the AT method is more restrictive for
higher airport elevations.
Outside air temperature Jet engines efficiency depends on the OAT. The higher it is, the
less air density and therefore less thrust is produced by the engine. Thus, the rate
of acceleration is smaller and the MTOW for a given runway length decreases.
Wind The lift and drag during take-off depend dramatically on airspeed, opposite to the
TOD which depends on the ground speed. Thus, headwind reduces the ground
speed and the TOD, whereas tailwind increases them.
Runway length Greater thrust reduction can be applied in long runways than in short
ones, since runway length is a limiting factor in the calculation of the MTOW.
Runway contamination The runway surface conditions impact the wheels grip. If the
runway is contaminated by snow, slush or standing water, the grip is lower. Thus
the acceleration capability decreases, and therefore the take-off distance increases.
Reduced thrust is prohibited under such runway conditions.
In previous studies carried out by BR&TE, the behaviour of the MAT with the parameters
listed above has been studied. The results are available in [4]. In the aforementioned
report it is concluded that the MAT depends on airport elevation, runway length, wind
speed and TOW. It has also been found that when all the parameters above have a fixed
value, the OAT has no effect on the MAT. By observing the nature of these dependencies,
it has been determined that they can be approximated with quadratic or cubic polynomials.
In addition, for a given aircraft model, one different polynomial shall be identified for each
flaps setting.
2.1.2. Current MAT model specification
The current MAT model specification consists of a polynomial that gives the MAT for a
given aircraft model and flaps setting in the form:
MATFlaps = P(Hp,w,rwy,TOW ) (2.1)
where HP is the geopotential pressure altitude in feet, rwy the runway length in feet, w the
headwind in knots and TOW the take-off weight in kg.
As this model is still under development, the order of the polynomial has not been deter-
mined yet. For this reason, the improved model has been tested in three different polyno-
mial forms of different order:
CHAPTER 2. MAXIMUM ASSUMED TEMPERATURE MODEL 15
1st order polynomial: 5 coefficients
MATFlaps = a1Hp+a2 rwy+a3w+a4TOW +a5
2nd order polynomial: 15 coefficients
MATFlaps =a1Hp2+a2Hprwy+a3Hpw+a4HpTOW +a5Hp
+a6rwy2+a7rwyw+a8rwyTOW +a9rwy+a10W 2
+a11WTOW +a12w+a13TOW 2+a14TOW +a15
3rd order polynomial: 35 coefficients
MATFlaps =a1Hp3+a2Hp2rwy+a3Hp2w+a4Hp2TOW
+a5Hp2+a6Hp · rwy2...+a33TOW 2+a34TOW +a35
2.2. Implementation of the new MAT model specification
2.2.1. Improvements proposed to the model
Some potential improvements have been identified by EUROCONTROL in the current ver-
sion of the MAT model. They concern the process of identification of the polynomial coef-
ficients and the data used for such calculation. These changes are intended to potentially
improve the accuracy of the model. The proposed changes are described in this section.
The coefficients of the MAT polynomial for a specific aircraft model are identified with
the Minimum Mean Square Error (MMSE) estimation method, using a set of reference
MAT data. This data contains the MAT value for different combinations of flaps, elevation,
runway length, wind, TOW and OAT.
Figure 2.1 is a plot of the MAT reference data for a B737-800 W26 aircraft model. It shows
the dependency of the MAT with runway length, elevation and wind for different TOWs
when the rest of variables are constant.
It is observed that the MAT dependency with these parameters contains a flat and a sloped
region. The flat zone is called asymptotic region, and the value of the temperature in this
zone, which is constant, is given the name of asymptotic temperature. In the case of Figure
2.1(a), for example, for a TOW of 67500 kg the asymptotic region starts at runway length
12500 ft and has an asymptotic temperature of 65◦C.
In the current model specification, the MAT polynomial is identified directly using all the
reference data, including both the sloped and the asymptotic regions. The polynomial
identified with the full set of data is called PR. In the current specification, the MAT for a
given flaps position is computed as:
MATFlaps = PR,Flaps(Hp,w,rwy,TOW ) (2.2)
PR is a polynomial of order 1 to 3. Consequently, if it is identified with a set of data that
includes both flat and asymptotic regions, the the accuracy of such model regarding the
reference data decreases meaningfully as shown in Figure 2.2(a).
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(a) MAT vs. Runway length (b) MAT vs. Elevation
(c) MAT vs. Wind
Figure 2.1: Dependencies of MAT with runway length, elevation and wind for different TOW
(a) Current model fitting (b) Improved model expected fitting
Figure 2.2: Reference data and MAT polynomial results comparison
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The main principle of the new proposed identification method consists on separating the
data from the sloped and the asymptotic regions prior to the polynomial identification.
In first place, the asymptotic region is modelled by identifying maxtemp, which is defined
as the maximum MAT value in the reference data minus a tolerance parameter ε.
In second place, the reference data is filtered and only the data points with MAT lower than
(maxtemp - ε) are used to identify the polynomial. This new data set is called identification
data, and the resulting polynomial is named PI .
The proposed model specification determines the MAT as the minimum between maxtemp
and PI :
MATFlaps = min
(
maxtemp,PI,Flaps(Hp,w,rwy,TOW )
)
(2.3)
Two effects can be expected from this modification: in first place, PI should be a better
approximation of the sloped region than PR. In second place, the fitting of the asymptotic
region shall be exact, as in this zone the MAT takes a constant value of maxtemp. The
expected improvements are graphically shown in Figure 2.2(b).
2.2.2. Implementation methodology
The identification of MAT polynomials is performed with a Matlab-based software called
Flex Thrust Tool (FTT). The current version of this program includes two functionalities:
the generation of MAT reference data and the identification of the MAT polynomial coeffi-
cients with the MMSE method. The reference data is generated using Boeing’s Standard
Take-off Analysis Software (STAS), the official manufacturer’s performance tool specifically
designed for take-off calculations.
The implementation of the new model proposed by EUROCONTROL implies modifying
the identification process of FTT to adapt it to the new proposed model. This modifica-
tion includes adding the functionalities of identifying asymptotic temperatures, separating
sloped and asymptotic regions and identifying the MAT polynomials with the adequate set
of data.
After modifying the identification process, further tasks have been required to validate the
new model. In first place, the accuracy of the new model has been assessed by comparing
the MAT results obtained with the MAT polynomial to the reference data obtained with
STAS. This comparison has been carried out for the old and the new model specifications
in order to assess the gain in accuracy of the improved version.
In second place, EUROCONTROL has requested to compute the range of validity of the
MAT polynomial in order to determine the space of applicability of the method and ensure
a minimum accuracy within this space. The range of validity of the polynomial is defined as
the range of variables within which STAS provides a valid MAT output. Out of this range,
the accuracy of the MAT polynomial can not be guaranteed.
As MAT depends on 4 variables (in addition to flaps), the space of samples of the STAS
data is a tetradimensional space. This geometry implies that the validity range of one
variable depends of the range chosen for the other three. The solution proposed to give
a simplified version of the validity ranges is to provide maximum and minimum values for
runway length, TOW and wind for different elevation ranges.
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The selection of the adequate ranges for each variable has been implemented by means
of the application of an optimization algorithm specifically designed for this study. This
algorithm minimizes a cost function that simultaneously maximizes the range of each vari-
able according to pre-defined weighting factors. All the mentioned processes have been
implemented in a single piece of software coded over the old version of FTT.
Figure 2.3 gives a very summarized schema of the process followed to implement the
aforementioned functionalities. This schema is a very high-level overview of the process
and does not provide details of the implied sub processes. Appendix B provides a descrip-
tion of the technical details of the methodology.
Figure 2.3: MAT model identification and validation process overview
A brief description of each process is given below:
Reference data generation The reference data is generated using STAS, the Boeing per-
formance tool specifically designed for take-off calculations. It provides take-off ta-
bles for a given set of parameters defined in input text files generated with Matlab.
The obtained take-off tables are those shown in Figure 1.7. The process shown
in Figure 1.8 is followed to determine the MAT under a given combination of flaps,
elevation, wind, runway length, TOW and OAT. These results are stored in a 6-
dimensional matrix, which contains the MAT as a function these parameters.
GUI reference data interactive plots A Graphical User Interface (GUI) has been develo-
ped to interactively plot the reference data as a function of multiple parameters. This
has eased a better understanding of the behaviour of the MAT during this study.
Polynomial identification The MMSE algorithm has been used to identify the coefficients
of the MAT polynomial using STAS reference data The polynomial order and toler-
ance ε are defined by the user. It has been observed that more than one asymp-
totic temperature is possible depending on the elevation, a behaviour that was not
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expected when defining the new model. A long discussion about this issue is pre-
sented later in this Chapter. The output of this process are two polynomials and an
asymptotic temperature.
Validity ranges computation Based on the sampling space of the reference data, the
range of validity of the MAT polynomials is determined. As the geometry of the sam-
pling space has 4 dimensions, many options are possible. The election of the best
option is a very complex task that has been automated with an optimization algo-
rithm specifically designed for this task.
Range reduction for accuracy improvement The accuracy of the model is evaluated
within its validity range. It has been observed that the geometry of the sampling
space is such that reducing the validity range in a small percentage, high gains in
accuracy may be obtained. In this step the validity ranges are reduced in a percent-
age defined by the user to improve the global model accuracy. Accuracy metrics
and validity ranges are re-computed after this reduction.
Accuracy metrics computation The MAT polynomial formula is usedto compute MAT
values for all the space of samples used as reference data. The results are com-
pared to the STAS reference data and the error is statistically studied to produce
accuracy tables. These accuracy tables present the maximum, minimum and mean
error, its standard deviation and Root Mean Square ERROR (RMSE) for each of the
different polynomials proposed. These accuracy tables have been used to extract
conclusions and choose the best option to define the new MAT specification.
Plot reference and computed MAT Comparative plots have been produced for a better
interpretation of the results.
Many discussions have arose during this process, which have lead to taking decisions
about a possible amendments in the definition of the model. The main discussions of the
process are summarized in the subsequent Sections.
This study has been carried out for three Boeing aircraft models: B738W26, B753RR, and
B773ERGE115B.
2.2.3. Identification of multiple asymptotic temperatures
The improved model specification started from the assumption that an unique asymptotic
temperature applies for the full range of possible MAT, and therefore that a global maximum
MAT can be defined.
However, the implementation of the interactive GUI has allowed to observe that there may
be different asymptotic temperatures depending on the elevation. This behaviour is shown
in Figure 2.4. In this particular case, three asymptotes are observed: 70◦C, 65◦C and
60◦C. As a consequence, when the elevation is set to a fixed value, the dependency of the
MAT with the other three variables has an asymptote that depends on the elevation.
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Figure 2.4: Multiple asymptotic temperatures depending on elevation
Figures 2.5(a) and 2.5(b) plot the dependency between MAT and wind for the same con-
ditions of flaps, runway length, TOW and OAT. Figure 2.5(a) is for elevation 500 ft and
Figure 2.5(b) for 2200 ft. As determined by the asymptotes of Figure 2.4, the asymptotic
temperature has a single value of 70◦C in the first case and 65◦C in the second one.
(a) Elevation 500 ft (b) Elevation 2200 ft
Figure 2.5: MAT vs. Wind for different elevations and TOW
Of the three aircraft models studied, only the B773ERGE115B presents a constant asymp-
totic temperature for all the ranges of elevations. The other two models present the be-
haviour depicted above.
If the maxtemp is set to the absolute maximum MAT in the reference data, then the ac-
curacy improvement will only have an effect in a very small range of low altitudes, which
represents a very reduced portion of the total sampling space. More optimal solutions can
be found if maxtemp is conveniently selected. It has been added the option to choose
between three maxtemp values:
• Highest: maxtemp equals the maximal asymptotic temperature (70◦ in the case
above).
• Maximal range: maxtemp equals the asymptotic temperature with largest range of
elevations (65◦C in the case above, which covers elevations from 600ft to 3000ft).
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• Lowest: maxtemp equals the minimal asymptotic temperature (60◦C in the case
above).
The selection of a maxtemp option involves that the accuracy of the model differs for the
different elevation ranges. The accuracy is maximal in the elevations range where max-
temp equals the asymptotic temperature. In the elevation ranges where the asymptotic
temperature is highest than the selected maxtemp, the obtained MAT is inaccurate but
conservative (with a 5◦C or 10◦C error in the case above). In the elevation ranges where
the asymptotic temperature is lower than the selected maxtemp, no accuracy improve-
ments are observed.
In order to evaluate the different approaches, two different formats have been studied as
described below:
Format A. 1 Polynomial + 1 maxtemp Consists of a single polynomial and a unique max-
temp value. The maxtemp value is selected according to one of the selection al-
ternatives (highest, maximal range or lowest). The accuracy of this model varies
depending on the elevation ranges. Table 2.1 exemplifies this option for the above
considered case, assuming the maximal range maxtemp selection criteria.
Table 2.1: Model specification for B738W26 Option A
Format B. n Polynomials + n maxtemp + n elevation ranges A polynomial and a max-
temp is provided for every single asymptotic temperature, which is valid within the
given elevation range. The maxtemp value equals the asymptotic temperature in
each elevation range, where n is the number of asymptotic temperatures detected in
the reference data. The accuracy of this model is optimal for each elevation range.
Table 2.2 provides the accuracy results for this case.
Table 2.2: Model specification for B738W26 Option B
Accuracy tables of MAT models for three different aircraft have been created. These tables
contain accuracy metrics for Format A, Format B and the current version of the MAT model.
There are tables for polynomial models of 5, 15 and 35 coefficients. All these tables are
provided in Section C.1. of the Appendix C.
2.2.4. Identification of the MAT polynomial
The polynomial that is identified using the full set of reference data, including both sloped
and asymptotic regions, is called PR. If the polynomial is found using the identification
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data, which contains only the data with MAT lower than (maxtemp - ε), the polynomial is
called PI .
The new model specification proposes identifying the coefficients of the MAT polynomial
with PI . In the case of first order polynomials (5 coefficients model), it has been found that
the accuracy of the model is substantially improved, as shown in Table 2.3.
Table 2.3: Comparison of accuracy of current and new models, Option A
Figure 2.6 compares the results obtained with the polynomials of the current specification
(PR) and with the improved model (PI). A better accuracy can be observed in both the
asymptotic and no-asymptotic regions with PI .
Figure 2.6: Comparison of current and new model, 1st order polynomial
However, a dramatic accuracy decrease has been observed in some cases for second and
third order polynomials when using the new specification. Some examples are shown in
Tables 2.4 and 2.5.
Table 2.4: Comparative error table, 2nd order polynomial
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Table 2.5: Comparative error table, 3rd order polynomial
It has been observed that in most cases, the accuracy of the new model for second and
third order polynomials remains similar or decreases. This unexpected effect has been
analysed by plotting PR and PI with the reference data for second and third order polyno-
mials. This graphical comparison is made for the case of Table 2.4 in Figure 2.7(a).
(a) No truncation (b) Truncated at maxtemp
Figure 2.7: MAT vs. Runway length for PR and PI
The graph reveals that, whereas PI has a better fitting than PR in the sloped region, it
is extremely inaccurate in the asymptotic region. This effect is due to the fact that the
polynomial has been identified only with the data of the sloped part. The MMSE method
provides thus a good accuracy within this range, but the accuracy is not guaranteed out of
the range of the identification. In most cases PI is lower than maxtemp in the asymptotic
region, and therefore the MAT is not truncated at maxtemp, resulting in high inaccuracy.
The same problem has been identified for third order polynomials.
On the contrary, PR does take into account the flat region. The MMSE algorithm provides
certain accuracy in this zone, whereas there is a better accuracy in the non-asymptotic
area.
Figure 2.7(b) plots the results when PR and PI are truncated at maxtemp. It can be easily
observed that for such polynomials it is more accurate to use PR. This behaviour is also
observed in third order polynomials. In Tables 2.6 and 2.7 the accuracy tables for second
and third order polynomials are compared for the current model, and the new model trun-
cated at maxtemp for PI and PR. It is easily observable that the accuracy decreases for PI
and improves for PR.
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Table 2.6: Comparative error table for PI and PR, 2nd order polynomial
Table 2.7: Comparative error table for PI and PR, 3rd order polynomial
It can be concluded that for models of second and third order the accuracy can be improved
by using PR and then truncating it with Equation 2.4. For first order polynomials, the
accuracy can be dramatically increased by using PI and truncating it with Equation 2.5.
MATFlaps,2nd−3rd = min
(
maxtemp,PR,Flaps (Hp,w,rwy,TOW )
)
(2.4)
MATFlaps,1st = min
(
maxtemp,PI,Flaps (Hp,w,rwy,TOW )
)
(2.5)
2.3. Summary of the model options proposed
The discussion in this section leads to various options to define a model specification that
that have been studied in order to make a choice. The format defines the data that is given
to the end user as a model (number of equations and other parameters as maxtemp). The
order of the model defines the number of coefficients of the polynomial. The choice of
these options has a direct impact in both the accuracy and the complexity of the model. A
summary of these options is listed in below.
Model format
• Format A: 1 polynomial + 1 maxtemp A maxtemp selection option shall be conve-
niently chosen (either establishing a default option, or evaluating the better accuracy
in each particular case). The maxtemp selection options are:
– Highest maxtemp
– Maximal range maxtemp
– Lowest maxtemp
• Format B: n polynomials + n maxtemp + n elevation intervals One polynomial is
given for each asymptotic temperature, with its corresponding elevation interval and
maxtemp.
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Model order
• Model 0 (1st order, 5 coefficients) Use identification data to identify the polynomial
PI for better accuracy.
• Model 1 (2nd order, 15 coefficients) Use reference data to identify the polynomial
PR for better accuracy.
• Model 2 (3rd order, 35 coefficients) Use reference data to identify the polynomial
PR for better accuracy.
2.4. Results
Polynomial coefficients have been calculated for B738W26, B753RR, and B773ERGE115B
models. These coefficients have been obtained for Format A with every maxtemp selection
option, Format B and for Model 0, Model 1 and Model 2, for all flaps settings. Accuracy
tables for all formats, options and models can be found in Section C.1. of Appendix C.
The accuracy tables list, for each flaps setting, the maximum, minimum and mean error,
the standard deviation of the error and the RMSE. By observing these tables the most
accurate models have been extracted.
As discussed in Section 2.2.4., the best accuracy has been observed for PI truncated at
maxtemp for first order polynomials, and PR truncated at maxtemp in the case of poly-
nomials of second and third order. In each particular case, the most accurate maxtemp
option has been chosen.
To give a final result, the most accurate polynomials for each aircraft model have been
selected. For each aircraft, a set of polynomials of 5, 15 and 35 coefficients is provided.
Te value of their coefficients as well as their accuracy tables are given in Section C.2.1. of
Appendix C. The optimized validity ranges of these polynomials is presented in the same
Section.

CHAPTER 3. FLEXIBLE THRUST MODEL
An Aircraft Performance Model (APM) is a mathematical model that contains relevant in-
formation about aircraft performances, which is used to estimate the behaviour of a given
aircraft under certain flight conditions, as well as its limitations and physical characteristics.
These models contain thrust models that permit the calculation of the thrust produced by
the engines as a function of different parameters. The second part of the modelling of
flexible thrust carried out in this project consists in determining a thrust model that is valid
to compute reduced thrust with a MAT obtained with the polynomial defined in Chapter 2.
There are several APM in the market with very varied purposes. In this project, only APM
models for ATM applications are considered. Currently, any of such models has been
validated to provide accurate thrust estimations with the assumed temperature method.
For this reason, determining a thrust model suitable for this application is of great interest
for the ATM industry.
BR&TE is collaborating in the development of the next release of the Base of Aircraft
Data (BADA) model, the version 4.2. Although this experimental version is intended to
consider the effect of AT, an official validation of the model for flex-thrust computations has
not been performed yet. The situation is the same for the International Aircraft Noise and
Performance Database (ANP), an APM developed and maintained by EUROCONTROL
that includes a very accurate thrust model intended for noise studies.
In response to the necessity to determine a valid thrust model for such applications, a
thorough validation of the BADA 4.2 and ANP models has been carried out in order to
determine the best option to be taken for thrust calculations in the model developed in this
project. These validations are also of great interest for the implied actors.
This Chapter begins with a review on the most relevant APM for ATM applications in the
market. After defining the ANP and BADA 4.2 thrust models, the methodology for the
validation process is described. Finally the most relevant results are discussed and a
conclusion is reached.
3.1. Aircraft performance models overview
In this section a brief overview of the most relevant APMs for ATM applications available in
the market is made. Some of the information presented has been extracted from [26].
3.1.1. Manufacturer reference data
The basis source data for the generation of APMs for ATM applications are the aircraft
performance manuals produced by the aircraft manufacturers and the computer programs
and databases that were used to generated these. An example of such program is IN-
FLT/REPORT, Boeing’s performance software.
It is not practical to use manufacturer reference data for ATM applications, not only because
of the dimensions of the database and the computation speed that this format implies, but
also due to restrictions related to intellectual property and other legal issues [26].
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3.1.2. Look-up tables
The look-up table approach was the first kinematic model developed for ATM applications.
It provides average values of speed of climb, cruise and descent and the vertical speeds
for climb and descent for different altitude bands. The basic source of data are climb and
descent tables used by aircraft operators.
It only models average performances without considering meteorological conditions. It
neither considers Standard Instrumental Departures (SIDs) and Standard Terminal Arrival
Route (STAR) procedures, what makes it useless to simulate operations in terminal areas.
In addition, the observed accuracy of the model is relatively low [26].
3.1.3. BADA
The Base of Aircraft Data (BADA) is an APM intended for ATM applications created and
maintained by EUROCONTROL in cooperation with aircraft manufacturers and operating
airlines. It is based on a kinetic approach to aircraft performances modelling and is a
three-degrees-of-freedom point-mass model. The aircraft model behind BADA is a so-
called Total Energy Model (TEM).
It consists of two components. The Model Specifications provide the theoretical fundamen-
tals used to calculate aircraft performance parameters, and are defined in the BADA user
manual [8]. The Datasets contain the aircraft-specific coefficients necessary to perform
calculations [27]. There are currently two versions of BADA: BADA Family 3 and BADA
Family 4.
Whereas previous versions do not, the new BADA 4.2 version, which is currently under
development in collaboration with BR&TE, is intended to include the MAT model studied in
Chapter 2, as well as a thrust model properly validated to work with the modelled MAT. A
significant part of the work of this final degree project is devoted to this task.
3.1.4. GAME
The General Aircraft Modelling Environment (GAME) APM model is a kinematic model
based on a purely parametric approach. It is developed and maintained by EUROCON-
TROL. It models the path characteristics without attempting to model the underlying physics
[26]. This means that forces and aerodynamic coefficients are not modelled. Instead, it
estimates the highest-level parameters directly for a given set of conditions. For instance,
it allows to approximate the vertical speed during a climb at constant CAS or Mach con-
sidering the engine thrust setting, aircraft weight, OAT and pressure altitude.
As this model is not intended to compute forces, there is no possibility to compute the
thrust and therefore it has not been considered in this project.
3.1.5. ANP
The International Aircraft Noise and Performance (ANP) Database is a standard database
developed and maintained by EUROCONTROL Experimental Centre (EEC) through colla-
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boration with the Federal Aviation Administration (FAA) and aircraft manufacturers.
It is intended to support the development of aircraft noise contour models and to asses
environmental impact of terminal area operations. For this reason, it especially focuses
on engine models, which are the main source of noise. Reference data is in most cases
supplied by the aircraft manufacturers [20]. It provides a set of engine coefficients to
accurately compute thrust for different thrust ratings.
The thrust computation formula includes temperature as a parameter. In [20] it is men-
tioned a possible method to include compute reduced thrust, although it is explicitly indi-
cated that this option has not been validated and might not give accurate results.
3.2. Selection of a thrust model
From the APMs listed above, ANP and BADA’s thrust models have been considered as
candidates to model flexible thrust.
BADA is a very widespread model that is very commonly used in TPs in the ATM field.
Therefore, using this APM may ease the applicability of the flex-thrust model in many
modern TPs. The version 4.2 of BADA’s thrust model includes several temperature inputs.
As will be discussed later, the throttle parameter, one of the variables used in the thrust
formula, contains a flat-rated and a temp-rated zone. It will be tested whether using an AT
to compute this parameter gives realistic reduced thrust estimations. Although BADA 4.2
is still under development and has not been released yet, BR&TE has provided a prototype
of its thrust model to be tested in this project.
ANP is the second APM that has been validated. As it is intended for the definition of
noise contours, its engine models are highly accurate. Its thrust formula, as will be shown
later, only has one temperature input. This input has been used to introduce the AT and
determine whether the results are accurate enough to use this model for reduced thrust
computations.
3.3. BADA and ANP thrust models definition
3.3.1. BADA 4.2 thrust model
Although BADA 4.2 provides thrust models for turbofan, turboprop and piston engines,
only turbofan engines are considered in the scope of this project. The most relevant data
of this section has been extracted from [8]. More extensive information can be found in the
cited document.
3.3.1.1. Thrust force
The BADA thrust model includes the contribution from all engines and provides the thrust
as a function of airspeed, throttle setting and atmospheric conditions. The general formu-
lation of the thrust force Th is:
Th= δ ·Wmre f ·CT (3.1)
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where δ is the pressure ratio, mre f the reference mass from BADA in kg, Wmre f the weight
force at mre f in Newtons and CT the thrust coefficient.
3.3.1.2. Thrust coefficient
CT has different formulations depending on whether the engine is used in LIDL (Low Idle
thrust) rating or in a non-idle rating: MCL (Maximum Climb thrust), MCRZ (Maximum
Cruise thrust) or MTKF (Maximum Take-off thrust). As idle ratings are not used in take-off,
only non-idle ratings are considered. For more information about other engine rating mod-
els refer to [8]. The thrust coefficient CT is computed as a function of the Mach number
M and the throttle parameter δT . It is calculated as a fifth order polynomial of δT with
coefficients that are fifth order polynomials of M:
CT =
5
∑
i=0
δiT
(
6
∑
j=1
a6i+ jM j−1
)
(3.2)
where δT is the throttle parameter, M the Mach number and a1 - a16 the BADA thrust
coefficients for non-idle ratings.
3.3.1.3. Throttle parameter
The throttle parameter represents the throttle lever position, which is the control input for
the engine. In BADA 4 the thrust rating determines the throttle parameter as a function of
the OAT, the pressure ratio δ and the Mach number. Consequently, the AT directly affects
the throttle parameter.
In BADA 4 the kink point is not defined as a temperature, but as a certain temperature
deviation from ISA conditions ∆TISA,Kink. When ∆TISA is lower than ∆TISA,Kink the engine
behaviour is limited by the internal pressure and the throttle parameter δT is computed in
the flat-rated area. In this area its value remains constant with OAT. If ∆TISA is higher than
∆TISA,Kink the engine operates in the temperature-rated area. In this area, δT decreases
with OAT.
The two areas are thus inherently different and as such are modelled by two independent
functions, each with its respective coefficients:
δT =
{
δT, f lat if ∆TISA ≤ ∆TISA,Kink
δT,temp if ∆TISA > ∆TISA,Kink
(3.3)
where δT, f lat and δT,temp are the throttle parameter in the flat and temp rated areas, ∆TISA
the temperature deviation from ISA conditions and ∆TISA,Kink the kink point as a tempera-
ture deviation from ISA.
The thrust rating in the flat-rated area provides the throttle parameter δT, f lat as a function
of the Mach number and the pressure ratio. The pressure ratio is defined as the ratio
between pressure and the ISA standard pressure at mean sea level.
δT, f lat =
5
∑
i=0
δi
(
6
∑
j=1
b6i+ jM j−1
)
(3.4)
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where b1 - b16 are the BADA flat-rated area throttle coefficients.
The thrust rating in the temp-rated area provides the throttle parameter δT,temp as a func-
tion of the Mach number, the pressure ratio and the temperature ratio:
δT,temp =
5
∑
i=1
ciMi−1+
4
∑
j=1
δ j
(
4
∑
i=0
c4i+ j+5Mi
)
+
4
∑
j=1
θ jT
(
4
∑
i=0
c4i+ j+25Mi
)
(3.5)
where θT is the total temperature ratio and c1 - c16 the BADA temp-rated area throttle
coefficients.
The model of δTtemp in equation 3.5 corresponds to the experimental version of the temp-
rated model in BADA 4.2. This equation, of 45 coefficients, has been provided by BR&TE
specifically for this validation and does not match the specification in [8], which has 36
coefficients and corresponds to the current BADA 4 release. This new specification intro-
duces the pressure ratio as an additional input for δT,temp.
As can be observed in equation 3.5 the throttle parameter in the temp-rated area depends
on the total temperature ratio θT . Computing δT with an AT results in a reduced throttle
parameter, which implies a thrust reduction. Therefore it is in θT where the AT shall be
applied in order to compute flexible.
The total temperature ratio is defined as the ratio between total temperature and ISA stan-
dard temperature at sea level T0.
θT =
TT
T0
(3.6)
Where TT is the total temperature and is computed as a function of the static temperature
T and the Mach number:
TT =
(
1+
γ−1
2
M2
)
T (3.7)
where γ is the adiabatic index of air (which is 1.4) and T the static air temperature or OAT
in Kelvin. To compute flexible thrust, T is substituted by the AT in Equation 3.7.
The thrust computation process with BADA has been implemented in a Matlab program in
order to automate the reduced thrust calculations. This process, depicted in Figure 3.1,
takes as inputs two temperatures (T and T’), the geopotential pressure altitude (Hp) and
the True Air Speed (TAS) in m/s.
T’ is the temperature used to compute the throttle parameter δT . The validation of this
model starts from the assumption that substituting the term T’ by the AT is enough to
obtain a realistic and accurate reduced thrust value.
The current release of BADA 4 includes MCRZ and MCL thrust ratings. However, BR&TE
is developing an MTKF rating for the forthcoming BADA 4.2 version. BR&TE has provided
the prototype such rating for three Boeing aircraft models to be specifically tested in this
project: B738W26, B753RR, and B773ERGE115B.
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Figure 3.1: Reduced thrust computation with BADA 4.2
3.3.2. ANP thrust model
ANP gives a single formula to compute thrust as a function of the CAS, the Hp and a
temperature T. As ANP aims to support environmental and noise impact assessment, its
thrust model is intended for aerodynamic and acoustical calculations. In this context the net
thrust1 is referred to standard air pressure at mean sea level. This is known as corrected
net thrust, Th/δ. Extensive information about this thrust model, as well as part of the
information included in this Section, can be found in [20].
ANP allows to compute net thrust available when operating at a specified thrust rating, or
the net thrust that results when the thrust-setting parameter is set to a particular value. In
the scope of this project only the first option has been considered. The net thrust for a
given thrust rating is computed as:
Th= n ·δ(E+F ·VCAS+GA ·Hp+GB ·Hp2+H ·T) (3.8)
where Th is the net thrust in lbf, n the total number of engines, δ the pressure ratio, VCAS
the calibrated airspeed in knots, Hp the geopotential pressure altitude in feet and T a
temperature input in ◦C.
E, F, GA, GB and H are engine thrust constants for a given engine thrust rating. The ANP
engine database includes two different sets of coefficients: the low-temp coefficients for
the flat-rated area and the high-temp coefficients for the temp-rated one. The latter are
designated with the sub index ’High’.
Note that not every term in the equation is always significant. Usually, for flat-rated engines
operating below the kink point TKink the temperature coefficient H is 0. On the contrary,
this term takes negative values for the temp-rated coefficients, as net thrust decreases
with temperature in this area.
The ANP engine database has free access and can be accessed in [28]. It includes low
and high temp coefficients for different aircraft models and thrust ratings (typically MTKF,
MCT and MCRZ). An example of the MTKF rating coefficients for the Boeing B737-800 is
1Net thrust represents the component of engine gross thrust that is available for propulsion.
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shown in Table 3.1.
Table 3.1: Boeing B737-800’s ANP’s maximum take-off thrust rating coefficients
E F GA GB H
Low-temp 26089.1 -29.10981 0.143559 0 0
High-temp 30143.2 -29.773 -0.029 0 -145.2
The ANP model specification does not provide a value for TKink. In the implementation
of this model specification for reduced thrust calculations, the kink temperature has been
computed as the intersection between the flat-rated and the temp-rated thrust equations
as described below (see Figure 3.2).
Figure 3.2: Determination of kink temperature with ANP model
Typically H equals 0 for low-temp coefficients. ANP equation for the flat-rated area can be
simplified by removing this term:
ThFlat = n ·δ
(
E+F ·VCAS+GA ·Hp+GB ·Hp2
)
ThTemp = n ·δ
(
EHigh+FHigh ·VCAS+GA,High ·Hp+GB,High ·Hp2+HHigh ·T
)
TKink can be found by equating ThFlat to ThTemp and isolating T:
TKink =
(
E−EHigh
)
+VCAS
(
F−FHigh
)
+Hp
(
GA−GA,High
)
+Hp2
(
GB−GB,High
)
HHigh
(3.9)
Note that the kink temperature varies as a function of Hp and CAS.
An algorithm has been implemented in a Matlab program in order to automate reduced
thrust calculations with the ANP thrust model. The implemented process is shown in the
flow diagram in Figure 3.3.
In the current version of the ANP thrust specification [20] it is advised to seek for practical
advice from aircraft operators to model reduced thrust operations. In case this advice is
not available (the model sought in this project needs to be independent from operators),
an alternative reduced-thrust computation method is provided. This method relates the
full-rated thrust to the ratio between the gross take-off weight and the Regulated Take-
off Weight (WRTOW ). It is emphasised that this model has not been validated yet and
considerable research is ongoing in this area.
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Figure 3.3: Reduced thrust computation with ANP
In the same research line of this project, BR&TE has carried out a validity assessment of
this alternative method and has demonstrated that it is not valid. Further details about this
study can be found in [4]. This is one of the reasons why EUROCONTROL has requested
a validation study of the ANP thrust formula for reduced thrust computations. Therefore,
the results of this particular study will have an impact on next ANP specification releases.
The ANP thrust model has a single temperature input. The validation of this model starts
from the assumption that substituting the term T by the AT in Equation 3.8 is enough to
obtain a realistic and accurate reduced thrust value.
3.4. Thrust models validation
3.4.1. Validation objectives
The main goal of this validation is to determine whether the ANP and BADA 4.2 thrust
models are suitable for estimating reduced thrust with AT. This study has started from the
hypothesis that properly introducing the AT in the corresponding thrust formulas, a realistic
and accurate reduced thrust value can be obtained.
3.4.2. Methodology overview
To validate the initial hypothesis of this study, a set of reference take-off trajectories has
been generated with the official Boeing’s climbout performances software, the Boeing
Climbout Program (BCOP). BCOP is the standardized software used by Boeing and cus-
tomer airlines for take-off and approach studies in the terminal area. BCOP uses the
standard low speed Boeing performance databases [4]. These databases are based upon
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flight test data and use a Boeing’s private specification.
These reference trajectories have been used to make thrust calculations with ANP and
BADA thrust formulas. Then the accuracy of the results has been assessed by comparison
between the thrust results and the reference data. Finally, a statistical examination of the
results has been made. For this particular study, the aircraft model B737-800 W26 has
been used.
BCOP bases its simulations upon a take-off path definition coded in the International Civil
Aviation Organization’s (ICAO) Standard Computerized Airplane Performance (SCAP) spe-
cification for climbout. For further information about SCAP, please refer to [16]. A generic
definition of the take-off path described in Section 1.2.2. in SCAP has been coded in
Matlab to automate the generation of trajectories
In this Section, a very summarized overview of the methodology followed for this validation
is given. However, this task has required the definition of complex processes that are not
explained in the main document. The technical details of this process can be found in
Appendix D.
A high-level overview of the validation process is presented in a diagram in Figure 3.4.
Each of the five main processes is a self-contained work package and needs a detailed
explanation. The whole process has been implemented in a Matlab code.
Figure 3.4: Flexible thrust model validation process overview
A brief description of each sub-process is given below:
1. Reference data generation A wide set of reference take-off trajectories for different
conditions is generated. These trajectories are obtained with BCOP. This process
requires the definition of a generic take-off path with ICAO’s SCAP specification.
The trajectory definition has been coded in SCAP and a Matlab tool to automate the
generation of such files has been implemented.
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This process concludes with the implementation of a Matlab program to automati-
cally launch BCOP simulations from automatically generated SCAP files. A set of
pre-defined variables varies between simulations, being the AT one of them. The
output of this process is a set of take-off trajectories containing data points with vari-
ables of interest, such as the net thrust.
2. Preliminary thrust study The reference trajectory data generated in BCOP has been
analysed and some relevant plots have been extracted. Some of these plots are
presented and analysed in Section 3.4.3.. This preliminary analysis gives an overall
idea of the dependencies between thrust and different study parameters. This has
eased later analyses of subsequent calculations and the interpretation of the results.
3. Reference data processing and filtering In this process the raw reference data is
loaded and processed to extract the desired parameters, giving it a convenient for-
mat and filtering the valid trajectories according to predefined criteria.
4. Thrust computation The reference trajectory data has been used to compute reduced
thrust with the ANP and BADA thrust formulas, using AT as a temperature input. This
process includes programming a code to process the performance data from each
APM and integrate them in a computation algorithm to make thrust calculations.
Reduced thrust has been computed under different take-off conditions defined in a
space of samples taken from BCOP.
5. Statistical analysis The assessment on the validity of the APMs has been based on
the study of several indicators of the model accuracy. Such error indicators are
described later in Section 3.4.4.. In order to evaluate the validity of each model
within the full range of considered possibilities, a set of statistical measures has been
extracted for each indicator. The outputs of this process are a series of statistical
values that are indicative of the accuracy of each model. In addition, different sets
of plots have been extracted in order to ease the interpretation of the results.
3.4.3. Preliminary flexible thrust study
In this section the results and conclusions that have been extracted from the preliminary
flex thrust analysis described above are presented. This process corresponds to the step
2 in the flowchart displayed in Figure 3.4. This study presents a series of plots that are
representative of the influences of the AT over different parameters related to the net thrust.
Figures 3.5(a) and 3.5(b) show the dependency between AT and thrust for different OAT
and elevations.
In these figures the flat-rated and the temp-rated zones can be easily told apart. It can
be observed that the kink point decreases with elevation. This dependency was predicted
previously in Section 3.3.. As the OAT increases, the air density decreases, resulting in a
lower thrust. This behaviour can be also observed by comparing the Figures 3.5(a) and
3.5(b).
The raw trajectory data has also been processed to find the thrust reduction as a function
of the AT. The thrust reduction is defined as the percentage of thrust in regard to the full-
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(a) OAT=0◦C (b) OAT=15◦C
Figure 3.5: Thrust vs. Assumed temperature for Mach 0
rated thrust that is reduced as a consequence of the application of an AT. This can be
formulated as follows:
%Red =
ThAT −ThOAT
ThOAT
·100 (3.10)
Where ThAT is the reduced thrust for a given AT and ThOAT is the full-rated thrust. Note
that the full rated thrust is the thrust when the AT equals OAT. Figure 3.6 displays the thrust
reduction as a function of the AT for different elevations.
Figure 3.6: Thrust reduction vs. Assumed temperature for OAT 15◦C and Mach 0
In this case a flat-rated area, where the thrust reduction is 0 up to the kink point, can be
observed. As expected, thrust reduction increases for higher assumed temperatures. It is
worth highlighting that the thrust reduction is never higher than the regulatory limit of 25%,
as stated in Section 1.1.4.
Finally, the dependence of the thrust with Mach for different ATs is plotted in Figure 3.7.
Note that all the data points of the take-off trajectory have been plotted, and therefore the
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Figure 3.7: Corrected thrust vs. Mach for OAT 15◦C
pressure altitude is not constant. The take-off is composed by two constant altitude ac-
celeration segments (take-off and third segment) and two constant CAS climbs (first and
second segment)2. The constant altitude acceleration segments are clearly differentiated
in the plot. The little perturbation at approximately Mach = 0.23 corresponds to the con-
stant CAS climb. In such a climb, in addition to the discontinuity in elevation that affects
the thrust, the Mach is not constant, causing the observed irregularity.
Nevertheless this plot is valid for a qualitative analysis. It can be observed that the thrust
decreases with Mach. As expected, the thrust also decreases for higher ATs.
3.4.4. Definition of the validity indicators
The validity indicators that have been used to evaluate the accuracy of the models are
defined in this Section. Two concepts are described: the magnitudes that have been con-
sidered to compute the corresponding errors and the classification of such errors. At the
end of the process, these indicators have been subject to a statistical analysis to obtain an
overall quantitative measure of the accuracy of the error in the whole space of possibilities
considered. The statistical measures applied will also be described below.
3.4.4.1. Magnitudes subject to analysis
The accuracy of the error has been assessed by comparing certain magnitudes computed
with BADA/ANP to the reference values obtained from BCOP. The two magnitudes under
assessment are the net thrust and thrust reduction. Both concepts have been already
defined.
Observing the error of net thrust can give an idea of how accurate the model is. However,
the relevance of such error cannot be determined by only observing net thrust. Comparing
the error in net thrust to the expected thrust reduction for the case under study can give a
better idea of how relevant a given error is.
2For information about the take-off path definition, please refer to Section 1.2.2. of Appendix D
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3.4.4.2. Error classification
The error is defined as the difference between a value computed with BADA/ANP and the
corresponding value from BCOP. Absolute and relative errors have been computed for net
thrust. For thrust reduction, evaluating the absolute error has been enough.
It is worth noting that not all the observed error between BADA/ANP and BCOP has the
same nature. BADA and ANP models have already an error by themselves with respect to
the reference data. In addition, using an AT in the thrust formula may introduce additional
error due to secondary influences on the AT. In the case of ANP, using an AT as a tem-
perature input implies not considering OAT in the formula. Neglecting the OAT introduces
certain error in the model.
Figure 3.8: Differentiation of model error
In this study the error of the model is not relevant, being the error introduced by the AT
the main focus of the validation. For this reason, the two models have been separated.
Note that the error of the BADA/ANP model may be subject to change for different take-off
conditions.
Subsequent simulations under the same take-off conditions and different ATs have been
put together in order to extract the thrust as a function of AT at a given fixed speed. This
speed is usually Mach 0 in order to eliminate possible error introduced by the speed model.
For a whole set of simulations with the same take-off conditions, the error of the BADA/ANP
model itself can be obtained as the error when no AT is being used. What is the same,
the error of the model is the error when AT equals OAT. For AT different of OAT, the error
introduced by the influence of AT has been obtained by subtracting the BADA/ANP error
from the total error (see Figure 3.8). This relation is formulated as:
EAPM,AT = EAPM,Total−EAPM,Model (3.11)
Where:
EAPM,AT : AT error
EAPM,Model : Model error
EAPM,Total : Total error
A brief definition of each error is given below:
• Model error: Is the error associated to the APM specification itself. Is the error
between BADA/ANP and BCOP when AT equals OAT.
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• AT error: Is the error associated to the effect of introducing an AT in a thrust for-
mula. This error is usually derived from neglecting secondary effects of the OAT
over environmental parameters, such as air density.
• Total error: Total difference between BADA/ANP and BCOP. Contains both model
and AT errors.
This classification is made for absolute and relative error in net thrust, and for absolute
error in thrust reduction. This results in 9 errors available for the validity assessment.
3.4.4.3. Statistical analysis of the error
The errors defined above are computed for all data points of all trajectories, which results
in a full set of data that gives the error of the BADA/ANP models in a very wide range of
possible situations. In order to assess the global accuracy of the models, each error is
studied statistically by means of the next statistical measures:
• Maximum error
• Minimum error
• Mean error
• Root mean squared error (RMSE)3
The eight metrics above are applied to the 9 considered errors, resulting in a total of 36
accuracy indicators that have been used to study the validity of the models. The full range
of accuracy indicators obtained for ANP and for BADA thrust models are listed in Table
3.2.
Table 3.2: Set of statistical indicators used for the model validation
3.4.4.4. Comparative plots
In addition to statistical metrics, 5 different plots have been produced for different take-off
conditions. Observing these plots has been a definitive support for a clearer interpretation
of the results.
3The RMSE eliminates possible error cancellations due to positive and negative error.
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• A) Thrust vs. AT: ANP and BCOP comparison
• B) Thrust absolute error vs. AT: ANP and BCOP comparison
• C) Thrust relative error vs. AT: ANP and BCOP comparison
• D) Thrust reduction vs. AT: ANP and BCOP comparison
• E) Thrust reduction absolute error vs. AT: ANP and BCOP comparison
3.5. Results and analysis
3.5.1. BADA results
In this section the results of the BADA 4.2 validation are exposed and discussed. Figure
3.9(a) shows the Mach-Thrust curve for the BADA full-rated thrust. The dotted line repre-
sents the reference BCOP curve and the continuous line shows the BADA thrust computed
with the equations discussed in Section 3.3.1..
(a) Full Mach range (b) Mach > 0.16
Figure 3.9: Thrust vs. Mach for BADA 4.2, full-rated thrust
It has been observed that for low Mach values the thrust obtained with the BADA 4.2 thrust
formula tends to 6·1010 lbf. Figure 3.9(b) limits the range of the plot to Mach>0.16. It has
been concluded that the BADA model gives only reasonable thrust values for Mach>0.24
approximately.
After a discussion with BR&TE about this issue, next conclusions have been reached. The
coefficients of the BADA 4.2 thrust model have been identified with real operational data.
The data used in the identification of the MTKF rating has been extrapolated from flight
tests in cruise phase and clean configuration. As there is a minimum speed for flying
in clean configuration, this data set only contained information for speeds above Mach
0.235. Consequently, the MTKF model of BADA 4.2 is valid from Mach 0.235 up to the
operational maximum (Mach 0.82 for the B737-800 W26). Therefore the validity of the
polynomial cannot be ensured out of this range.
These results indicate that the current version of the BADA 4.2 thrust model is not valid for
take-off operations, which take place at low Mach numbers. However, in sight of the results
found in this study BR&TE is willing to extend this model for low speeds in future releases.
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Therefore, completing the BADA validation for Mach numbers within its validity range is of
great interest for the development of future model specification releases. For this reason,
a complete validation of the BADA 4.2 thrust model has been carried out for Mach>0.235.
This validation follows the same methodology described in this Chapter. The results and
conclusions of this validation are included in Appendix E.
3.5.2. ANP results
In this section the results of the ANP validation are exposed and discussed. Only key plots
have been included in this Section for discussion. All the plots obtained as results of the
study can be found in Appendix F.
Figure 3.10 shows the Mach-Thrust curve for different ATs. The dotted line represents the
reference BCOP data and the continuous line shows the ANP thrust computed with the
methods discussed in this Chapter and Appendix D.
Figure 3.10: Mach-thrust curve for different assumed temperatures
It can be noticed that the thrust responds to the expected tendency: a quasi-linear negative
dependency of the thrust with Mach. In addition, thrust level decreases as AT increases,
as expected. The space between the reference and the ANP lines can be interpreted as
the error in thrust. For a fixed AT, the error decreases with Mach. For a fixed Mach, it can
be also observed that the error increases with AT.
Figures in Appendix F show that for a fixed Mach and AT the separation between BCOP
and ANP curves increases. While BCOP thrust decreases, ANP thrust keeps constant.
The BCOP thrust decreases because for higher OATs the air density drops, resulting in
less thrust. However, the only temperature input of the ANP formula is used to introduce
the AT, and consequently the OAT is no longer considered. For this reason, the AT thrust
keeps constant with OAT, neglecting the effect of OAT on the air density. This negligence
is translated in an additional error derived from the use of AT.
Observing the origin of the abscissa in Figure 3.11(a), where no AT is applied, it can be
observed that the error of the ANP model is positive. From the kink point on, the total error
significantly decreases.
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(a) Thrust vs. Assumed Temperature (b) Thrust absolute error vs. Assumed Temperature
(c) Thrust relative error vs. Assumed Temperature (d) Thrust reduction vs. Assumed Temperature
(e) Thrust reduction absolute error vs. Assumed
Temperature
Figure 3.11: AT-Thrust ANP study results for Mach 0 and OAT=10C
As stated before, when ANP is used with AT the effect of OAT on air density is neglected.
This results on a thrust value lower than expected, which means a negative error. This
negative error compensates for the positive error of the ANP model. For that reason, the
total error in most of the temp-rated zone is lower than the error of the ANP model itself. It
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has been observed that this situation is similar for most of the range of cases under study.
This interpretation is reinforced by the plots in Figures 3.11(b) and 3.11(c).
Figure 3.11(d) shows the thrust reduction as a function of the AT for ANP and BCOP. As
expected, the reduction is constant up to a kink point, from where the thrust reduction
increases quasi-linearly with the AT, reaching a maximum not higher than the regulatory
limit of 25%. The same interpretation can be made in this case: the total error decreases
near the kink point and progressively grows, but its value always remains lower or close
to the ANP model error. The evolution of the absolute error in thrust reduction with AT is
plotted in Figure 3.11(e).
The global accuracy of the model is reflected in the statistical error assessment. The
results of this analysis are listed in Table 3.3.
Table 3.3: Statistical analysis of the ANP error
Note that the RMSE is a squared error that considers both positive and negative errors.
Therefore the total RMSE does not need to equal the sum of the ANP and AT RMSEs. It
can be observed that in most cases the AT error is smaller than the ANP model error.
In terms of net thrust, the RMSE of the AT relative error is only 1.64%, a lower value than
the ANP model error, of 2.02%. In terms of thrust reduction, the RMSE introduced by the
AT is around 4%. However, most of this error is negative, which compensates for the model
error. As a result, the total RMSE in thrust reduction is 2.68%, a very reasonable value.
3.6. Conclusions
The error of the ANP model has dependencies with parameters such as Mach and OAT. It
decreases with Mach, whereas increases with OAT. Using AT in the ANP thrust equation
neglects the effect of OAT on air density, which results in a negative error that compensates
for the positive error of the ANP model. This results in a reduced total error. The global
statistics show that the error associated to the use of an AT is statistically lower than the
error of the model. Maximum errors are acceptable too.
In second place, the BADA 4.2 thrust model is not valid for Mach numbers below 0.235.
For this reason, this model cannot be used for take-off operations. However, it has been
demonstrated that this model is likewise valid for reduced thrust calculations at Mach num-
bers higher than 0.235.
Considering that reduced thrust is exclusively used in take-off operations and these take
place at low speeds, it has been concluded that the most suitable model to be used for
reduced thrust calculations is ANP.
CHAPTER 4. TAKE-OFF TRAJECTORY
PREDICTOR PROTOTYPE
The results obtained in the previous Chapters provide a full methodology for flexible thrust
computations. A MAT polynomial has been defined to determine the AT usable under cer-
tain take-off conditions. The ANP thrust model provides an approximation of the reduced
thrust force that is obtained when using an AT in take-off. The combination of both models
represents a complete tool that allows to carry out reduced thrust calculations to simulate
take-off operations with flexible thrust.
This methodology has been designed for its use in TPs for ATM applications. For this
reason, the last work package of this project is the proposal of a prototype of a Take-Off
Trajectory Predictor (TTP) that implements the flexible thrust methodology.
The unique objective of this task is to propose a possible integration of the methodology
in a real ATM application, in this case a three-degrees-of-freedom point-mass model TTP
based on the BADA 4 APM. Consequently, the validation of the TTP and generation of
realistic trajectories are out of the scope of this project and have not been considered.
Only a description of a prototype version is provided in this Chapter.
It is worth pointing out that the future goal of this TTP is to be integrated as a take-off and
landing module in BR&TE’s trajectory generation infrastructure, and therefore its design
responds to the modular structure of Boeing’s trajectory prediction software. Nevertheless,
this task is designated as future work and falls out of the scope of this final degree project.
4.1. Take-off path definition
This TTP covers the phase from brake release up to the point where 35 ft above runway
are reached. From the simulation point of view, this operation has been broken down into
three main subphases, which have been be examined separately: ground roll, transition
and steady climb. Each of these phases responds to different sets of dynamic equations.
This operation is depicted in Figure 4.1.
Figure 4.1: Take-off trajectory definition. [12]
In real take-off operations the ground roll is divided in two sub-phases. The first is the
ground roll with all wheels on ground, which covers from V=0 until the rotation speed VR,
defined as the speed where the aircraft rotates around its main landing gear and the nose
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wheel detaches from the ground. The second phase is the ground roll with the main landing
gear on ground, which comprises from VR to VLOF . The second phase is performed with
the nose up and only the main landing gear on ground.
The angle of attack progressively changes between VR and VLOF . The BADA model does
not provide information about the angle of attack, and therefore dynamic calculations can-
not be made in this segment. The accuracy required for the purposes of this TP is such
that it is acceptable to consider that the time lapse between rotation and lift-off is small
enough to consider VR ≈ VLOF [A4] (all the assumptions made in this document are listed
in Appendix A). Therefore, the ground roll with nose up has not been considered.
4.2. Take-off speeds
As the goal of this TTP does not concern operational issues, the take-off speeds have
been defined in relation to the stall speed, which can be computed as a function of the
aircraft aerodynamic configuration. This approach is commonly adopted when no relevant
data of take-off speeds is available, as in [21] and take-off trajectory models such as [29].
The stall speed is defined as:
VS =
√
2W
S ·ρ ·CL,Max (4.1)
where W is the weight force in N, S the wing surface in m2, ρ the air density in kg/m3
and CL,Max the maximum lift coefficient for the current aerodynamic configuration. S and
CL,Max are parameters given by the BADA 4 model as a function of the flaps position.
The definition of the decision speed V1 is strongly related to the occurrence of engine
failure. This TTP is intended for ATM studies, and therefore does not consider such oper-
ational issues. For this reason V1 has not relevance in the scope of this project and is not
defined.
To provide an adequate safety margin, the lift-off speed is usually set at 1.2 times the
power-off stalling speed for the take-off aerodynamic configuration. Even though a safe lift-
off would be possible at lower velocity, this assumption complies the FAR Part 25 Section
107 regulation about take-off speeds.
VLOF = 1.2VS = 1.2
√
2W
S ·ρ ·CL,Max (4.2)
The 1.2 factor provides a stall margin so that the aircraft does not stall by inadvertently
overrotating on take-off or as result of a large gust wind [21]. Following the same reason-
ing, V2 is defined as 1.3 times the stall speed:
V2 = 1.2VS = 1.2
√
2W
S ·ρ ·CL,Max (4.3)
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4.3. Forces model
During a take-off, the aircraft is subject to five main net forces. Lift and weight operate in the
vertical axis, whereas thrust, drag and landing gear friction operate in the longitudinal axes.
They are represented in Figure 4.2. These forces can also be classified in gravitational,
propulsive, aerodynamic and rolling friction forces. The model of these forces may change
between the three phases of the take-off. The mathematical models for the forces used in
this TTP are given in this Section.
Figure 4.2: Forces acting on an aircraft during take-off ground roll. Source: [12]
4.3.1. Gravitational forces
The gravitational force W is a central force that always acts towards the centre of the earth
and depends on the aircraft mass. It is defined as:
W = m ·g0 (4.4)
where m is the mass of the aircraft in kg and g0 the acceleration of gravity in m/s2.
The weight force is subject to vary depending on the aircraft mass. The mass varies
according to the fuel consumption, which depends on thrust. In Chapter 3 it has been
demonstrated that the BADA 4 thrust model is not valid for speeds below Mach 0.235.
Consequently, fuel consumption in the take-off phase cannot be computed with the current
version of BADA.
A set of simulations has been run in BCOP in order to evaluate the mass reduction from
brake release to the point at 35 ft above threshold for different take-off cases. Table 4.1
lists the take-off conditions of each simulation, the mass at brake release (W0) and the
mass at 35 ft above threshold elevation (WF ). It also contains the mass reduction in each
case and in average.
The error derived from assuming constant mass during the take-off may cause an error
in the computation of VLOF . It has been computed with Equation 4.2 that for an error of
0.123% in weight, the error in VLOF is 3.5%, which means around 5 kt for a speed of 150
kt. For ATM calculations this error is acceptable, and therefore it has been assumed that
the aircraft mass is constant along the take-off [A5].
4.3.2. Propulsive forces
The thrust force is computed with the ANP thrust model as a function of elevation, CAS
and the MAT according to Equation 3.8 in Chapter 3. The MAT is computed with the
polynomials provided in Chapter 2.
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Table 4.1: Mass reduction during ground roll for different cases
4.3.3. Aerodynamic forces
4.3.3.1. Lift
The lift model of BADA assumes a load factor1 of 1. This means that lift is computed by
simply considering it equal to weight. During the ground roll, this assumption is not valid,
as lift varies from 0 at brake release to W at VLOF . For this reason, the BADA lift model
is not valid for this TTP. An alternative lift model has been developed for this TTP and is
described below.
The generic equation for lift is:
L=
1
2
ρV 2TASSCL (4.5)
where VTAS is the TAS in m/s and CL the lift coefficient. CL is defined as a function of the
angle of attack,
CL =CL,0+CL,αα (4.6)
where CL,0 is the lift coefficient for α=0, CL,α the lift coefficient slope and α the angle of
attack.
As the effect of the runway slope on the change of pressure altitude is negligible, the
pressure altitude is considered constant during the ground roll. As ρ depends on pressure
altitude, it can be assumed that ρGR = cnt during the ground roll phase [A6]. In addition,
the angle of attack is constant during the ground roll. For this reason, CL,GR = cnt can be
assumed [A7]. ρGR and CL,GR are the air density and the lift coefficient during ground roll.
Since the wing surface S is also constant, Equation 4.5 can be rewritten as follows:
L=C1V 2TAS (4.7)
Where C1 is a constant defined as:
C1 =
1
2
ρSCL = cnt (4.8)
Thus, the lift force during ground roll can be considered a parabolic function of VTAS. In
order to find the value of C1 the condition that lift equals weight at VLOF is imposed. As
justified in Section 4.3.1., weight can be considered constant during take-off [A5], and it
can be referred to as W0.
W0 =C1V 2LOF (4.9)
1The load factor is defined as the ratio between lift and weight forces.
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Isolating C1 and substituting it in Equation 4.7, the lift equation for ground roll can be
obtained:
LGR =
W0
VLOF
V 2TAS (4.10)
As W0 and VTAS are known at the beginning of the simulation, the lift can be computed as
a quadratic function of VTAS.
4.3.3.2. Lift coefficient
When airborne, BADA assumes that path angles are small enough to consider lift equal to
weight [A8]. Starting from this assumption, the lift coefficient in the airborne case can be
obtained by isolating CL in Equation 4.5:
CL =
2L
ρSV 2TAS
(4.11)
For the ground case, the CL is computed as follows:
C1 =
W0
V 2LOF
=
1
2
ρSCL
Isolating CL and considering Equations 4.1 and 4.2:
CL =
2W0
ρSV 2LOF
=
2W0
ρS ·1.22 · 2W0ρSCL,Max
Simplifying this equation, it can be found that the lift coefficient for ground roll is constant
and only depends on CL,Max, which depends on the aerodynamic configuration. Thus, the
CL equation for the ground case can be written as:
CL,GR =
CL,Max
1.2
(4.12)
4.3.3.3. Drag
The drag force is computed as a function of the drag coefficient CD:
D=
1
2
ρV 2TASSCD (4.13)
This equation is valid for all take-off phases.
4.3.3.4. Drag coefficient
BADA 4 presents different equations to compute the CD depending on the aerodynamic
configuration and Mach number. In this TTP only the equation for non-clean configurations
is used. CD is modelled as a polynomial of lift coefficient CL with coefficients depending
on the aircraft aerodynamic configuration:
CD = d1,δHL,δLG +d2,δHL,δLGCL+d3,δHL,δLGC
2
L (4.14)
where δHL is the position of the high-lift devices, δLG the position of the landing gear and
d1,δHL,δLG to d3,δHL,δLG are the non-clean drag coefficients from the BADA model.
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4.3.4. Rolling friction forces
Mechanical losses because of the contact between the wheels and the ground, as well
as in the bearings, are accounted for in a horizontal force, which opposes the motion of
the aircraft on the ground [21]. This force is called the rolling friction force F, which is
proportional to the normal force through the use of a rolling friction force coefficient µr.
Typical values of µr are given in Table 4.2.
Table 4.2: Typical values of rolling friction coefficient. Source: [12]
As the aircraft gains speed the lift force increases, therefore decreasing the normal force
N, which translates into reduced friction force [21]:
F = µr ·N = µr (W −L) (4.15)
4.4. Equations of motion
The equations of motion of the aircraft are a set of dynamic equations that combine all
the forces acting on the aircraft’s centre of gravity to find the acceleration of the system.
In a first prototype this equations are integrated over a times step ∆t using a simple Euler
method. In future versions higher order numerical integration strategies, providing more
accuracy, will be implemented such as trapezoidal or standard Runge-Kutta methods
In this section the dynamic model of each subphase is described.
4.4.1. Ground roll
During the ground roll, the aircraft accelerates from V=0 until V=VLOF . In the horizontal
axis, the thrust force faces the drag and the rolling friction forces. In the horizontal axis,
the lift faces the weight force. The dynamic equations for the horizontal and the vertical
axis are:
(x) Th−D−F = W
g0
dVGS
dt
(4.16)
(y) L−Wcosϕ+N = 0 (4.17)
where Th, F and N are the thrust, rolling friction and normal forces in Newtons, ϕ the
runway slope and dVGS/dt the ground acceleration of the system in m/s2. Isolating N in
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4.17, substituting F by µrN in 4.16 and isolating the acceleration, the dynamic equation of
the ground roll force can be found:
dVGS
dt
=
g0
W
(T −D−µF (Wcos(ϕ)−L)) (4.18)
This equation is integrated over a time step ∆t during which the acceleration is assumed
constant. This time step can be defined by the user in the TTP settings. The VGS and
horizontal position s are the result of integrating dVGS/dt over a time step ∆t:
VGS,(i+1) =VGS,i+
g0
W
(T −D−µF (Wcos(ϕ)−L))∆t (4.19)
s(i+1) = si+VGS,1∆t+
g0
W
(T −D−µF (Wcos(ϕ)−L)) ∆t
2
2
(4.20)
Where the subindex i designates current iteration, s is the horizontal distance from brake
release in meters and VGS the ground speed in m/s.
4.4.2. Transition
After lift-off, there exists a transition region where the aircraft goes from horizontal flight
to steady climbing. As different dynamic equations apply for ground and airborne phases,
this transition step acts as an interface between the two dynamic systems.
The transition path can be approximated as an arc of circumference of radius R and angle
γ [A9]. This path is shown in Figure 4.3.
Figure 4.3: Transition phase. Source: [12]
The transition trajectory strongly depends on the rotation speed of the aircraft and the
dependence between lift and the angle of attack. BADA cannot provide any information
about these performances. Therefore, the transition segment has been taken into account
by adding at the end of the take-off run an additional distanceCB. Then, a steady climb will
start at the point where the extension of the take-off path crosses the runway axis (point B
in Figure 4.3).
The additional distance CB is computed as follows. Considering the transition phase as a
dynamic system with an uniform circular movement, the equilibrium of forces acting on the
aircraft can be written as:
L=Wcos(γ)+Fi (4.21)
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Where γ is the instantaneous flight path angle and Fi the force of inertia. As γ is very small
[A8], it can be approximated that cos(γ) ≈ 1. The force of inertia in a circular movement
equals the mass times the normal acceleration, which in this case is:
Fi = m ·aN = Wg0 ·
V 2TAS
R
(4.22)
where aN is the normal acceleration of the system in m/s2. Substituting Fi in Equation 4.21
and isolating the radius R, the next expression for R is obtained:
R=
V 2TAS
g0
( L
W −1
) = V 2TAS
g0 (n−1) (4.23)
where n is the load factor, defined as the ratio between lift and weight forces. From the
geometry observed in Figure 4.3 it can be found that CB= R · tan(γ/2). The equation for
CB can be found by substituting R by Equation 4.23:
∆s=CB=
V 2TAS
g0 (n−1) · tan
( γ
2
)
(4.24)
The load factor in the transition phase in civil aviation generally varies from 1.01 to 1.25
depending on the aircraft type and the pilot [21]. A default value of 1.15 has been set for
n, but it can be changed by the user. The fight path angle γ of the steady climb segment
can be found at this stage by applying the dynamic equations of the steady climb phase.
This angle is then used to compute ∆s
During this segment, the TTP performs three processes. First, uses the final state vari-
ables of the ground roll segment to compute the starting dynamic parameters of the steady
climb. Then, uses these values to compute ∆s and adds this distance in an additional
ground iteration. In third place, it processes the first iteration of the airborne phase from
the point where the climb path crosses the runway axis.
4.4.3. Steady climb
The last take-off segment comprises from the lift-off point at VLOF up to the point where
the aircraft reaches 35 ft over the runway threshold at V2+∆V2. This is an accelerated
climb where part of the thrust is used to gain altitude and part of it is used to accelerate.
Thus, the thrust power is allocated to both potential and kinetic energy simultaneously.
This airborne part is modelled using the BADA’s Total Energy Model (TEM). TEM equates
the rate of work done by forces acting on the aircraft to the rate of increase in potential and
kinetic energy, that is:
(Th−D)VTAS = mg0dhdt +mVTAS
dVTAS
dt
(4.25)
where h is the geodetic altitude.
Without considering the use of devices such as spoilers, leading-edge slats or trailing-edge
flaps, there are two independent control inputs available for affecting the aircraft trajectory
in the vertical plane. These are the throttle and the elevator [8]. These inputs allow any
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two of the three variables of thrust, speed, or Rate Of Climb (ROC) to be controlled. The
other variable is then determined by equation 4.25.[8]
In this particular case, the speed and throttle are the controlled parameters, and the ROC
is computed with Equation 4.25, which can be rearranged as follows:
(Th−D)VTAS = mg0dhdt +mVTAS
dVTAS
dh
dh
dt
(4.26)
Isolating the vertical speed on the left hand side gives:
dh
dt
=
(Th−D)VTAS
mg0
[
1+
(
VTAS
g0
)(
dVTAS
dh
)]−1
(4.27)
The ROC is defined as the variation with time of geopotential pressure altitude Hp. Equa-
tion 4.27 expresses the vertical speed, which can be re-arranged as follows to be con-
verted into ROC:
ROC =
dHp
dt
=
T −∆T
T
(Th−D)VTAS
mg0
[
1+
(
VTAS
g0
)(
dVTAS
dh
)]−1
(4.28)
where T is the ISA temperature in Kelvin and ∆T the temperature deviation from ISA
conditions.
The last term of equation 4.28 can be replaced by an energy share factor as a function of
the Mach number, f{M} (for more information about this parameter refer to [30]):
f{M}=
[
1+
(
TTAS
g0
)(
dVTAS
dh
)]−1
(4.29)
So that:
ROC =
dHp
dt
=
T −∆T
T
[
(Th−D)VTAS
mg0
]
f{M} (4.30)
The energy share factor f{M} specifies how much of the available power is allocated to
climb as opposed to acceleration. BADA provides various options and formulas for diffe-
rent climb laws. However, the share factor is used in this TTP to specifically impose the
condition that 35 ft are reached at VCAS=V2 + ∆V2.
As the steady climb is a very short phase, it is a good approximation to assume that VCAS
varies linearly from VLOF at threshold elevation to VCAS=V2 + ∆V2 at 35 ft above threshold
[A10]. Thus, the term dVTAS/dh can be substituted in the energy share factor equation by:
dVTAS
dh
=
(V2+∆V2)−VLOF
35
(4.31)
Leading to:
f{M}=
[
1+
(
TTAS
g0
)(
(V2+∆V2)−VLOF
35
)]−1
(4.32)
Note that the adequate conversions from TAS to CAS must be performed. With this condi-
tion it is ensured that the take-off ends end at exactly 35 ft above the runway threshold at
VCAS=V2 + ∆V2.
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The climb path angle γ can then be computed with the expression:
γ= arctan
(
ROC
VTAS
)
(4.33)
Once the ROC and γ have been computed, the equations of motion are integrated over a
time step ∆t along which the acceleration is considered constant. In the vertical axis, next
equation is applied:
Hp(i+1) = Hpi+ROCi ·∆t (4.34)
Then the new VTAS is computed as a function of the Hp increment:
VTAS,(i+1) =VTAS,i+
dVTAS
dh
(
T −∆T
T
)
·ROCi∆ · t (4.35)
And the horizontal distance increment is computed projecting VTAS with γ:
s(i+1) = si+(VTAS−w) · cos(γ)∆t (4.36)
where w is the headwind in m/s.
4.5. Limitations
All the performances computed in the previous section are subject to certain limitations
that define the validity envelope of the performance models used. These limitations are
computed and checked in each iteration, and an exception is launched if some of the
limitations is overpassed.
Five types of limitations have been defined: geometric, kinematic, buffet, dynamic and
environmental. A detailed mathematical description of such limitations is provided in Ap-
pendix G.
4.6. Software implementation
The software implementation of the TTP prototype has been carried out following a highly
modular philosophy. This will ease the integration of the take-off module in Boeing’s tra-
jectory computation infrastructure. The code has been written in Matlab. It contains inde-
pendent modules that carry out different processes. The main modules of the software are
listed below:
• Atmosphere: Contains the implementation of all the equations of the International
Standard Atmosphere.
• Dynamics: Contains the implementation of the dynamic equations of motion. They
are classified in ground-based and airborne-based equations, and permit the cal-
culation of ground acceleration, ROC, TAS, horizontal distance increment, pressure
altitude increment and the energy share factor, amongst others.
• Limitations: Contains the implementations of the equations to compute the limita-
tions described in Appendix G
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• Operations: Computes the take-off speeds as a function of the user-input coeffi-
cients and performance parameters obtained from the APM.
• Parsers: Contains data parsers for BADA 4, ANP, the TOP user inputs and the MAT
model.
• Performances: Implements all the equations of BADA and ANP that compute aero-
dynamic, gravitational and propulsive forces.
• Speeds: Contains speed converters to compute TAS, CAS, GS and Mach.
• Processes: Contains composite modules that perform a self-contained task using
functions from all the other modules. These blocks are used as steps to integrate
each iteration during the simulation.
Figure 4.4 represents a global picture of the architecture of the software. First the parser
loads the data from the BADA, ANP, MAT polynomials and the TTP input file, which con-
tains a set of settings and initial conditions defined by the user. Once all the variables of
the program have been initialized, the next structures are obtained:
• Trajectory: Contains all the trajectory data, including position, dynamic parameters,
speeds, aerodynamic forces and aerodynamic coefficients, amongst others.
• Take-off parameters: Contains the computations required for take-off, such as the
assumed temperature, take-off speeds, the maximum lift coefficient or the lift con-
stant for ground roll C1 amongst others.
• APM: Contains all the information of the aircraft performance models: BADA, ANP
and the MAT polynomial.
• Limitations: Contains all the limitations computed with the equations described in
Appendix G.
• Settings: Contains other user-defined parameters, such as the time step or the
names of the APM files.
4.7. Future work
As mentioned at the beginning of the Chapter, this TTP is a prototype version proposed
as an application of the flexible thrust model developed in this project. It is intended to be
integrated in BR&TE’s trajectory computation infrastructure, and therefore future work is
still pending.
The numerical integration of the dynamic equations of motion is performed in this prototype
with a simple Euler method. In future versions higher order numerical integration strate-
gies, such as trapezoidal or standard Runge-Kutta methods, will be implemented providing
more accurate calculations.
This first version has not been validated yet. The validation will be performed by means of
comparison with take-off trajectories simulated with Boeing’s take-off performances soft-
ware, BCOP. Finally, the TTP will be translated into C++ language and will be integrated in
the Boeing’s trajectory predictor. Further validations will be required after this step.
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Figure 4.4: Architecture of the take-off trajectory predictor
CONCLUSIONS
This project has been carried out in response to a necessity of the industry to obtain a
validated methodology to compute flexible thrust that can be implemented in Trajectory
Predictors (TP) for Air Traffic Management (ATM) applications. This problem has been
tackled by determining a model for the Maximum Assumed Temperature (MAT) and a
thrust model that is valid for flexible thrust calculations using this MAT.
From the development of the new model specification for the MAT model several obser-
vations can be made. The changes proposed by EUROCONTROL improve the model
accuracy for first order polynomials, but dramatically decrease it for models of second and
third order. An alternative method has been proposed to improve the accuracy in these
cases. Three polynomials of 5, 15 and 35 coefficients have been obtained for three Boeing
aircraft models: B737-800 W26, B757-300 RR and B777-300 ERGE115B. The accuracy
of the nine models is significantly higher than for the old model. These polynomials are
accurate enough to provide good estimations of the MAT that can be used under certain
take-off conditions.
The validation of the BADA 4.2 model has determined that its thrust model is not valid for
speeds below Mach 0.235, and therefore this APM cannot be used in take-off operations.
A second validation has determined that the model is valid for flexible thrust computations
within its validity range, which goes from Mach 0.235 until the maximum operational Mach.
Therefore BADA 4.2 can be used for take-off operations if the thrust model is extended for
low speeds. The extended version of the model will be developed with BR&TE as future
work after this project.
The validation of the ANP thrust model has revealed that it is valid to compute flexible
thrust in take-off operations. A certain error in the thrust calculations is introduced as a
result of neglecting the Outside Air Temperature (OAT) when using the ANP thrust formula
with AT. This error and the error of the ANP model itself have opposite signs, which results
in a reduction of the total error. This leads to very acceptable error values.
The design of the prototype of a Take-off Trajectory Predictor (TTP) has revealed that
some assumptions of the BADA model specification make this APM not valid for ground
roll calculations. This problem has been tackled by doing a series of assumptions, and
a consistent set of equations valid for all the take-off phases has been extracted. The
implementation of this TTP prototype conforms a trajectory prediction application that im-
plements the flexible thrust model developed in this project.
The TTP is a prototype version and needs to be improved prior to its implementation in the
Boeing’s trajectory computation infrastructure. The integration method used in this proto-
type will be replaced by a higher order numerical integration strategy. It will be validated
using Boeing’s official performance software, and once demonstrated its validity, it will be
translated in C++ language and integrated in the Boeing’s TP.
The combination of the MAT polynomials and the ANP thrust formula hereby obtained
conforms a fully validated model that can be implemented in an APM to be used in ATM
applications. Its implementation can contribute to the calculation of trajectories in a wider
range of operations, enabling more accurate environmental analyses and giving support
on the development of new ATM concepts that will assist in the evolution of aviation towards
a more efficient, automated and cleaner industry.
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